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Technical Report No. 1 

DESIGN OF CYCLOTRON MAGNETS 

By M. H. Foss 

ABSTRACT 

The study of a design presented here is directed toward attaining a large ratio of 
energy in the ion beam with respect to cost. Alternatively, the goal may be regarded as a smaller, 
more convenient apparatus. These two objectives are not completely incompatible; a design that is 
more economical than the usual is also smaller. 

The best design of a cyclotron can be obtained only by considering the problem as a whole. The 
conditions necessary to maintain an ion beam, the conditions required fo: a ne opera ation of the oscil- 
lator, and a host of other problems influence the design of the magnet. s assumed in this paper that 
the “‘other Leppert can be satisfactorily solved, if the gap has a mlishie wcominy and the field a 
suitable space depen 

By subdividi sy ing rs <n the pon of a cyclotron magnet is treated in four parts, the pole 
tips, coils, yoke, and experimental m 

The pole tips are treated in Sec. id. whi equation for the scalar potential of a mid-plane field 

that they would be obtained only wit 1 structure cr ip at its e this space 
for other parts of the apparatus, the termination of the field at the center of the gap is 

given special treatment. The termination of the field outside the gap is treated ng a seri 

picture of the problems encountered, and the results to be expected, is brome: out. 
bisibess 1.2 is devoted to coil design. Small coils make a more convenient cyclotron and reduce 

unt of steel required in the flux circuit. The arrangement of conductors and the cooling of such 
ete ra ‘studied. Equations are derived for the optimum dimensions of the coils. 

In Sec. 1.3 the pole base, yoke, and optimum field are discussed. An equation for optimum flux 
density in the pole base is derived, Since the yoke can be designed easily b 

leq ever, Zi 
eeeuter than that of vertical ai A final equation is presented for determining optimum field at 
which to operate a magnet. Like the other cost equations, it requires experimen’ 

In . y 
agni easurements can 

be made by the null method with good accuracy. Two methods for using the data are discussed. M: 
results were obtained which do not belong in a direct attack on the problem. Some of these results 
are useless and are omitted. Those which seemed worth recording are given in the appendixes. 

TID-454 5
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Appendix I contains two tables, one for the determination of the smaller root of a quadratic equa- 

tion and the other containing values of a function encountered in Sec. 1.1. 
In Appendix II a method is developed for determining the field caused by infinitely permeable 

right vata poles resting on yokes which are infinite planes. Any potential distribution on the 
pole side and yoke may be treated. 

For its suggestive value, the sry equation for a two-dimensional pole edge and yoke ex- 
cited by a line coil is given in Ap) x 

Two types of search coil for arene the field at a point are discussed in Appendix IV. Also, 
tables of P), (cos 6) are givel 

It is hoped that this work will be of assistance in designing future cyclotrons. 

1.1 POLE TIPS 

Introduction 

An important and costly part of a large cyclotron is a magnet which is energized by direct cur- 
rent aearhart in coils around the poles. The general features of such a magnet are shown in Fig. 1.1. 
In order to obtain an ion beam and to make it possible to develop the required r-f electric field in the 
gap, the magnet must a the features listed below. These are the basic assumptions on which the 

won depen 
magnetic ie 1d should be produced in a cylindrical region that contains none of the steel or 

copper bn to produce the field. This region, called the ‘‘gap,’’ should have a diameter about nine 
times as — as its axial dimension. 

magnetic field should be symmetric about a plane called the ‘‘mid-plane’’ of the gap. 
3. The field in the mid-plane should depend on the radial distance from, but not the angular di- 

rection about, a point called the “‘center’’ of the gap. 
The field should decrease with increasing distance from the center of the gap in such a way 

that the condition 

RdH _1 
n=" Har “5 o 

where R = radius, and 
H = magnetic field 

is never violated except at radii greater than any which are to be used. The desired field is one which 

decreases linearly with increasing radius to the outside ‘‘edge”’ of the gap. 
These conditions by no means fix the design of the magnet. The factor: s which control the rest of 

the design are convenience of operation, costs, and ignorance. Since the design of a magnet is compli- 

P t. 

in order to have an efficient magnetic circuit, one with low leakage, the pole tip, that part of the 
pole which projects above the nail should be as short as possible. However, a pole tip of some length 
is required by those who use a cyclotron in order that they may have access to the gap. 

The part of the pole tip which is essentially horizontal is a called the ‘‘shim,’’ and the con- 
tour of the remaining part of the pole tip is called:the ‘‘side of the pole.’’ The central part of the 
shim (to within a few half-gaps of the edge) can be treated as one problem, and the shim edge and 
side of the pole as another. 

way that the desired field can be obtained in the central part of the gap is as good as any 
other, since all of this flux is useful. The equation for the equipotentials of the desired field, i.e., a 
field which decreases linearly with increasing radius, is given, and a possible termination of the shim 
in the center of the gap is 

The termination of the shim at the outside edge of the gap and the shape of the side of the pole 
play very important roles in the performance of the magnet. Two factors are important, the ratio of 
the useful flux to the flux in the pole base and the ratio of the flux density in the gap to the flux density 
in the base of the pole.
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mathematical formulation of the shim-edge and pole-side problem is difficult because the flux 
ies from nominal to well above saturation, and the usual ways of 

ifficulty is avoided by sim- 
f the fie! 

avoi 
ply not considering the field in the steel. A number of possible terminations of! id which satisfy 
Laplace’s equation are studied. From the position of the equipotentials it is possible to estimate the 

can le as to whether 

the 
given in the sxheection, Concluuto 

Field in Center of Gap 

is assumed that the desired magnetic field for a cyclotron is a symmetric field which, in the 
mid-plane, decreases linearly with increasing radius. These properties may be expressed by 

V(+24) = -V(-24) V0" 

and (2) 

Hy =1-A 
#0 * 

where H,, A = constant 
y: scalar ringiees 

cylindrical rubies te field does not depend on 6) 
The sotealnist and field are apes in Fig. 

The scalar potential of such a field i: 

Vv 
i" Arf -z 

where 

t=} [3x Ve2 +14 (1— 2x) sinh“! x (3) 

and 

If the field is to fall off to 1 — 6 of its value at the center when the radius is (x9), then 

A=o 
TO 

and if steel had infinite permeability then it should be given the shape of the equipotential surface 
en b: 

V =-H,S (4) 

where S, a constant, is one-half the nominal gap height. The equation for the shape of this equipoten- 
tial surface is found by substituting Eq. 4 into Eq. 3.
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$f oe = Zo yee TB +s= 0 (5) 

A method and tables for solving this equation are given in Appendix I, and a typical solution is given 
in Fig. 1.3. 

Shape of Shim 

Since the permeability of steel is not infinite, the shim will not have the shape of the equi 
tials given in the previous paragraph. e analytic solution indicates that a spil 

» ev al -scale magnet. When the field shape without the 
spike is known, the dimensions of the spike can be estimated by the method indicated in the next para- 
graph. 

The extent to which Eq. 5 gives the correct shim shape away from the center depends on the 
shape of the pole and the field at which it is to operate. The contour of the shim when the steel surface 
is not an equipotential is best determined Se An approximate shim can be put on a pole 
which otherwise has its final form. The al of the steel surface is then determined by direct 
measurement or by a numerical calculation oa the field in the mid-plane of the gap. The surface ¢ can 
be reshaped according to Eq. 3 assuming that the potential of the steel surface at a given radius doe: 
not vary. Equation 3 can be replaced by the more convenient equation: 

zwi-iaSr)¥ (6) 
Ty ] He 

to good approximation when the radius is greater than a few half-gaps. 

Estimate of Spike Dimensions 

e the spikes will have a flux density well over saturation, the field in the gap may be taken 
appeanimnstely as the sum of the field which would be obtained with no spikes present, plus that of 
permanent magnets shaped like the spikes with their magnetization, M, given by 

1 1 qq (BW =M=7 Bs (7) 

= intrinsic flux density of the steel. If the spikes are cylindrical, the field due to them may 
ee Hates t approximately as that of point charges placed at their tips with stre: 

m=MA 

where A = cross-sectional area of cylinders. In this case, the field due to the spikes may be deter 
mined with reasonable accuracy as the field due to the point charges at the tip of each spike and their 
images in the poles to which they are adjacent, This gives the equation 

x,] _2m{___(-h/s) +b/s) 
22-0 5 ° 2, 21% (8) 

[a —h/s)* + () [eo + vo +(E :) 

where s = height of half-gap 
h = height of spike
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This function is given for a particular case in Fig. 1.4. If a field of this shape added to the field present 
without the spike is satisfactory, then the proper adjustment can be made by using a cylindrical spike 
with suitable area. 

e spike should require a radius of the same order of magnitude as its height, it may be de- 
sirable to have it tapered at the tip to reduce the demagnetizing field of the induced poles. 

Shim Edge and Side of Pole, Introduction 

The linear decrease of the mid-plane field with increasing radius can be produced by the potential 
given in Eq. 3 to within about a half-gap of the outside radius of the pole. At greater radii, the linear 
decrease is not maintaine? due to > the influence of the outside edge of the pole. It is necessary to know 
what departures from linearity are permissible. 

in order that the eenanansed ——— for vertical focusing of the beam may be maintained, the 
field must decrease with increasing radius. The exact amount depends on the height of the ion beam and 
other factors connected with the ion orbits. 

e condition on the maximum rate at which the field may decrease is more satisfactory. The 
Berkeley Group* has shown that at the radius where n = 1/5, n being defined as 

n=-5 (9) 

where r = radius 
H = field 

a vertical defocusing of the ion beam occurs. Thus the condition n « 1/5 must be satisfied for all 
radii less than the maximum which is to be used. The problem of shaping the shim edge and pole side 
is one of obtaining a pole which will give the required energy in the ion beam with the least steel, cop- 

el 
This procedure is only valuable for the a’ which the results offer. The design of the pole 

tip must be completed by experimental, cut and try procedures. The treatment of the problem in 
dimensions was attempted. The equations for determining the field due to poles which are right cdreulax 
cylinders resting on yokes, which are infinite planes, (with any distribution of potential on the pole sides 
and yokes) is given in Appendix II. A glance at this work will indicate that the labor involved is incon- 
sistent with the usefulness of the results. 

The i é naning of the shim edge and pole side are the same in a two-dimensional as in a 

three-dimensi magnet. Thus a study of the problem of terminating the field of a two-dimensional 

ch 0! gives 
numerical results which are approximately correct for a three-dimensional magnet. The field problem 
is solved in two dimensions and interpreted as the field present in a plane which contains the axis of the 
three-dimensional magnet. The errors made in this way depend on the geometry under consideration 
and the results required. For example, Fig. 1.5 shows portions of two flux maps for the same magnet. 
These maps were made with the standard procedure for mapping in air and copper. The top figure is a 
three-dimensional map, and the shaded area is the first tube of flux which enters the side of the pole. 
The lower figure is a two-dimensional map with the corresponding tube shaded. The points marked 

*D. C. Sewell, L. —e and J. Vale, Phys. Rev., 72: 739(1947); D. M. Dennison and T. H. Berlin, 
Phys. Rev., 70: 58(19
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y = 3 are three half-gaps from the mid-plane, and at these points the difference in the leakage indi- 
cated by the two maps is about 0.16 tube. Each tube of the three-dimensional map carries about 1/6 of 
the total flux. Thus the error in the total flux at y = 3 made by interpreting the two-dimensional map 
as the field of a three-dimensional magnet is less than 3 per cent. Further approximations are intro- 
duced in the subsection, Square Equipotential. 

It is necessary to bear in mind that the primary object of these calculations is to obtain reasonable 
goals for experimental design and to suggest methods for obtaining these g 

Square Equipotential 

‘ield due to a square equipotential is obtained with a Schwartz transformation. It is presented 
here hecause it is a simple example which illustrates the approximations and calculations which will 
be employed in the later problems. It is clear that a square steel corner will not produce the field de- 
rived below, dhe it is probable that a suitably shaped shim edge and pole side could produce a field very 
similar to this o1 

he field V = "4 is analytic in the complex 2 plane, 24 = rj eifl - X1 + iy;. By means of the 
transformation, 

pee ai v4y+l (10) 
Zy ce Zy 

this field may be mapped in the complex z plane. This gives the field of an equipotential with a square 
corner. This cess is shown in Fig. 1.6. 

. 10 is 
S pro 

The integral of Eq. 

a=t|2 yz +1+ log pie (11) 
1 a +141 

The field in the z plane is 

-1 . 
av 1/az zi --5 = =H 
Oz (ee) Z,+ 1 (12) 

and the field in the mid-plane, 2; = x; > Ois 

av__aVaz_ _ 
Hy = ay az dy yxy +1 (13) 

Note that this is a homogeneous rather than a linearly atch tometia field apart from the a of edge 
of the gap. The problem wi will be studied in the following p: raph is that of ter: - 

This greatly simplifies the problem and does not reduce the usefulness of the results. 

To determine the point where n = A the derivative of the field with respect to x is required. 
5 

dH, dH, ax. 
ay Slim Xt 

@xX Oxy dx 2 (xy + 12 ; (14) 

Recalling the definition of n, Eq. 9, 

new yl 
Hy dx = 2 (x, +1)%
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r is the radius at which n is computed; if m is the radius to the edge of the pole, x = 0, measured in one 
half-gap, then 

r=m+2|2 yap i+log Vqtict (15) 
Vere l+l 

The equation for xj where n = 0.2 becomes 

1_ mt Xy xX] ai xX, +1-1 
sje = hk 5 1 16) 5° 2 (+e xy+1 72 Rok oe ( x + +) (16) 

Cyclotrons are gente built with the ratio of pole diameter to gap height m, of about 9. By taking m = 9, 
the solution to Eq. 15 i 

Xy = 0.0165 + (17) 

and using this result in Eq. 11 gives 

=-1.108 (18) 

The field at this point is given by Eq. 13, and the radius is given by Eq. 15. 

Ho = 0.9917 p= 1.89 fe 0.877 (19) 

where pis the value of r where n = 0.02. 

The leakage flux must also be computed. To obtain the leakage, write the imaginary part of Eq. 11 

—2y=uUy 1<u 

iz=y =2 yuy-1 ++ arctan 2yy-d WS (20)* 

Equation 20 is solved for various values of u,, thus giving the point on the pole where the leakage into 
the side totals (log u,)/7 tubes per half-gap of pole circumference. 

aX leakage uy y 

0.5 0-5 1.082 
1.0 e 1,249 
1.5 el-5 1,503 
2.0 ea 5 1.85 
2.5 e 2.31 
3.0 8 2.92 
3.5 e3-5 3.71 

A graph of these results is given in Fig. 1.7. 

*Equation 20 may be expressed by 

y 2 V1 > eC (21) 
Sh 2 (n1)2(2n - 1)? 

which is convenient for large uy.
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y taking ane the example m = 9, the average flux density in the pole, in a plane of constant y, can 
be aang e the accuracy of the calculation is limited when the two-dimensional analysis is ap- 
plied to the fice miimendio nal problem, certain approximations will be made. By taking the field inside 
the useful radius as one, the useful flux is, from Eq. 19, 

1(7.89)2 = 196 tubes 

The leakage flux into the top of the pole is (Eq. 17) (— 2 log x) per half-gap of mean circumference, or 

7.89+91 
Qn a log = 69 tubes 

1 
0.0165 

and the leakage into the side of the pole from the corner to three half-gaps from the mid-plane is (see 

ii , 

27x 9 ah 55 tubes 

The flux efficiency may be defined as the ‘‘useful’’ flux divided by the total flux at some plane in the 
base of the pole. In this work, the plane is taken as the y = 3 plane since the two-dimensional analysis 
is fairly accurate to this distance. Thus, 

flux efficiency = F = 0 - 0.61 
3 

1p2H, 

oy= 

where Hg = field where n = V5 
= radius where n = 1/5 

The average flux densities are, at y = 1, flux density = 1.04, and, at y = 3, flux density = 1.26 = 
‘0 summarize, a magnet with a square equipotential which has a ratio of pole diameter to eB 

height, m, of 9, has a useful radius of 87.7 per cent of the pole radius, a flux efficiency of 61 per cent, 
and a flux density of 1.26 per cent at a distance of three half-gaps from the mid-plane. The field at 
the point where n = 0.2 is Hg = 0.9917. 

It will be noted that the effect of the coils which energize the magnet has not been mentioned in the 
above discussion. Neglecting the coils is a reasonable approximation if most of the coil is below the 

int where the flux is deter xample, the c two-dimensional treatment given above 
indicates that one tube of flux enters the side of the pole between the top of the pole, y = 

int on the side where y = 3, as is indicated in Fig. 1.7. The -dimensional flux map for a simila: 

proximate nature of the flux map. 
When the effect of the coil cannot be neglected the two-dimensional analysis can still be used. an 

example of a pole and yoke energized by a coil which consists of a single wire is given in Appendi 

Criterion for Comparing Pole Tips 

e other pole tips are studied, it is necessary to have a basis for comparing the results. A 
legion basi for such a comparison is the energy of the ion beam which can be obtained with a given 
pole base, yoke, coil, and power supply. A simple combination of numbers which approximately 
satiafies this condition is 

E “i (22)
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where E = oon of pole tip 
= field where n = 0.2 

radius where n= 0. 
¢p = maximum flux in the pole bas: 

= maximum flux density in the pole base 
The v: of the numerator determines the energy of the ion beam and the factors in the denominator 
determine ihe quantity of flux in the base of the pole and the size of the base of t 1 he jum. 
flux in pole base determines the size of yoke which will carry the flux with a giv 

i Si ss region; the size of the 

(23) 

where F = flux efficiency 
_ ‘useful flux’’ 
~ total flux 

7p2H, 

'B 
D = relative density 

_ _“‘density in the gap’’ 
~ flux density in the base 

zn 
The upper limit to the efficiency, E, is achieved by a thin coil which is wound over the gap. With tl 
arrangement all of the flux is used, and the maximum density in the pole is the same as the density in 
the gap. Thus the upper limit for E is one and is obtained only with an arrangement that is useless in 
a conventional cyclotron. 

The derivations that follow are aimed primarily at obtaining E for the fields that are considered. 
First, the important role of are discussed which give a low F but a 
high his is done mostly as a further introduction to the mathematical methods employed. The 

h will give a useful fied shape over a wide range of fields. The 
Under many pms the ability to 

ergy. To obtaii 

second case considered is a pole whi 
E for this pole is taken as a lower limit for sign. 
operate at any field strength should be sacrificed in order to obtain higher en n an upper 
limit for the pole tip ik E, a shim edge ae crosses the gap is considered. Following ms is 

n. of radius which can bi ned a derivation which gives the maximum useful fracti 
conventional raised- rage shim, The final devivatiens suggests a method by which the useful aati of 
the radius and the pole-tip efficiency may be made greater. 

As a matter of convenience, in the derivations $3 and B,, will always be determined at the plane 
which st hree half-gaps from the mid aw however, for work on actual magnets, the maximum flux 
and flux density in the pole base are more appropriate quantities. It is assumed that the V = 1 equi- 
potential ant he at y = 3 with the per meas which would produce the field. 

Related to Square Equipotential 

of the given in Eq. 10 is the square hip arenes HENS EES 
it is clear that there are a whole family of t. to values of oy less t 
which may be studied. The fields associated t with these equipotentials are not e568: that is, ae fas 
efficiency is low; but, since the ratio D of the density in the gap to the density in the base is greatly 
increased, the pole-tip efficiency, E, is.improved. In this paragraph, this family of pole tips is con- 
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The transformation is the same as S that used in the subsection, Square Equipotential, except for a 
constant which adjusts the half-gap to 

1-1 
2H 2yz,+1+ toe YT) (24) 

where 76 = the angle between the side of the pole and the y axis as is indicated in Fig. 1.8. 
The equation for the field at y = 0is 

1 

He Vayel (25) 

The equation for n is 

m(1 — 28) xy (26) 
ry a Ts 

The point to be called the edge of the pole is ambiguous and is arbitrarily taken at x = 0 for simplicity. 
This makes the equation for n 

1_. _ a1 - 26) xy xy 1 x Vx, +1-1 
Be ™ Ge ye ted 2 Ge ee lyase (27) 

The solution of this equation for “4, -0.2 is given in Fig. 1.9. The values for p and p/m are found by 
9. Eq. 24 and given in Fig. 1. 

In order to determine the leakage at y = 3 a series expansion of the imaginary part of Eq. 24 with 
64 = 276 is convenient. 

2 
# VF (2n)! ry" sina [2 + (2n—- 05] 

28 
26) Z 229 (n!)2(2n — 1)2 (38) 

Good accuracy is obtained by solving this cnation for Ty with only two terms 

r1] “ =e 1). =| 

y ‘ (29) 
b= wie — 26) 

sin 2 (1 — 26) 

The flux leakage into the pole between ry = 1 and r= "ily per average half-gap of circumference is 

’ 1 ¢,-—1 ] 
1 = aT — a5) 108 TI iy 

The radius of the pole at y = 3 is obtained by substituting the value of ry] y=3 obtained above into the 

equal 

(an)! rP con x|2 + @n— 29] 
2\ri 

13 =™+7q— 95) > 220 (nt)2 (an — 1)2 (30) 

“ series being the real part of Eq. 4. ware npn into the side of the pole is found by multiplying 
30 by the average hich ii: 
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ge [38 log ry 9 (31) 

1 
The leakage into the face of the pole is found by multiplying — wa 25) log x]. 2 by the average 

which is i m(m +p). 

by = Tog 108 ni, =0.2 (32) 

The remaining flux in the region r = Oto r = pis 

$3 = mp2 (33) 

The flux efficiency is determined from Eqs. 31, 32, and 33 by 

2; 
p= __T? Ho (34) 

a+ $2 + $3 

The values of F as a function of 6 are given in Fig. 1.10 for m = 9. The flux density at y = 3 is given by 

By = 21+ 92+ 3° (35) 
mre 

3 

The solution of this equation for m =9is given in Fig. 1.11 along with the values of D. The values of E 

For example, if 6 is 0.1, then the angle which the side of the pole makes with the vertical is 18 deg, the 
field at the point where n = 0.2 is 98.94 per cent of the uniform field in the gap, the useful radius i 
85.8 per cent, and the flux efficiency is 55.8 per cent. Because the relative flux density, D = Ho/BB, 
is higher than with a cylindrical pole, 0.93 instead of 0.79, this pole can be operated with a higher 
re in the gap without saturating the steel, and a 9 per cent higher energy in the cyclotron beam can be 
btained than with a cylindrical pole. 

Rounded Equipotentials 

a very restricted class of equipotential shapes was treated in the previous paragraph. A much 
more general set is developed by the following transformation: 

y T+a- yl+a z= 20 Vi 3148 + 200 yROI=a «CYTE log (METRE VEE 
V¥271+1l+a+ ylea 

Zy+1l—-a- yl-a 
+Cr yI- soe (38 ay rlaae =) (36) 

where 

1 

C-iWiea+a Vina) 

A oka shape obtained is sketched in Fig. 1.13. There are a double infinity of shapes depending on a 
. This means that the end points of the rounded corner
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z= (xy +i) z=iyg 

may be put in any desired place in the z plane. By letting 

Zy= -(1-a) 

and 

2y= —(1 + a) 

in Eq. 36, the equations for xy and yy are obtained. 

Xq = 2CV2a— CY1 +a log (eae) (37) 

Yq = 2CAV2a + CaVi 4 a + CA arctan (2 ¥2ala~ a) (38) (7 3a-1 

The potential, V, is set equal to—61/, as in the subsection, Square Equipotential. The field in the z 
pli aty =Ois 

1 1 
Hei yxy +l+atryxy+1—a (39) 

The equation for n is 
1 » 

n=-2 GH Rj+l+a’ yx +l-a 
H dx 136 ( xy+1+a+2 Vx +1— 4) 

If the nominal radius of the pole, m, is the distance from the center of the pole to the point where the 
pole starts to curve, then 

r=m-Xy+X (40) 

The equation for n becomes 

— +, =) (mate. vivates +l+a- yl+a 
xp +1l+a +1 ~oe Fl+at +a 
es gor os a)|" 2( xy+T+ a+r yxy + a) 

eieret yx, +1-a-yl-a 

+ ° oe( 45 +l-a+yl-a (41) 

a(var + +a +d yxy +1 —a) 
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This equation may be used to determine x,| conveniently by solving it for the factor x; which 
n=1/5 

appears alone on the right-hand side. A guess at the value of x, in the remaining terms yields 
much improved value, and this process may be repeated until the desired accuracy is obtained. oo 
value of the radius where n is 1/5 may be obtained from Eqs. 36 and 37. The leakage per average 
half-gap of circumference of the pole face is given b: 

1 l-a $, == log( 2 — 42) 1°a (a) ( 

and the leakage per average half-gap of circumference into the side of the pole to the point where 
Y = Yq is given 

#9 z biog ({* + 2) (43) 

From th iti calculation to determine the performance of the pole. 
As an = mnle, the at 4 pole tips with y, =3 and m = 9 was studied. Equation 38 was solved for 

» as a function of a with y, = 3. The values of x, were found by Eq. 37, These results are shown in 
Figs. 1.14 and 1.15, respectively, Equation 41 was then solved for *1)n-0, 2 This result, shown in 

Fig. 1.15 was used to find », which is plotted in Fig. 1.16 as a function of Ky: 
The leakage was calculated from the formulas 

1 l-a 
$1 = 7(m + p) — log { ——_ 

; , Gen (44) 
bo = 1(2m + Xy tog (; =*) 

which follow from Eqs. 42 and 43. (Using the straight average for ng circumference tends to make the 
leakage somewhat too large.) The flux efficiency was determined 

p= Hore” _ (45) 
mp” + $1 + $9 

and the flux density at y = 3 by 

B. = 1p +91 + $2 
B  “r(m + xq) (46) 

and the relative energy obtained by 

E= og (47) 

These results are shown in Fig. 1.17. 
It should not be concluded fen Fig. 1.17 that 0.524 is the maximum value of E which can b2 ob- 

tained with the rounded pole tip, since higher values can be obtained with larger Ya 
The pole with yy = 3 and x, =~1.8 is of special interest because it represent nts ‘a pole le which cou 

be built and would have a field shape independent of the field strength (to 18,000 gauss). This is due 
to the fact that the flux density at the surface of the steel is not excessive at any point. It can be shown 
from the equation for the field, Eq. 39, that the maximum flux density at the steel surface is
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vl+a+AVl—-a 
Yaa 

which turns out to be about 1.12 times the gap density for this pole. The average density in the pole at 
y = 3 is 1.07 which is again reasonably low. The pole has a useful radius of 92.5 per cent and an E of 
0.524. 

Shim That Crosses the Gap 

The ability to operate over a wide range of fields, which was possessed by the pole just discussed, 
is usually not required in a cyclotron magnet and should be sacrificed to obtain a higher pole-tip ef- 
ficiency. 

In this paragraph an upper limit for E, the pole-tip efficiency, is determined by considering a shim 
which crossed the gap at the outside circumference of the pole. 

which crosses the gap at the edge of the pole can have its luctance so hep ett tat ne 

x u | 5 oO 

ig
, ae = a B
o
 

s roy » i) 4
 oO 3 3 ¢ = ® 

. 
5 X1 = -0 to h = 1 

and xy = +1 and the field to be investigated in the upper ay half-plane. “The potential pe at on the 
X, axis is 1 

Vo =+1 —0 <xy< 1 

Vo=-X, <x, <1 (48) 

Vo=71 1 <xp< © 

The real axis is folded at —1 and +1 through an angle 7/2 by a Schwartz transform’ation. The trans- 
formation is 

2dz) 

which integrates to (49) 

wig? z_ ) e“tae log (1 + yzz-1 

This process is illustrated in Fig. 1.18. Due to the symmetry, only the region from 0 < y < 1 need be 
considered. 

The potential at x = 0 can be found by substituting the second of the expressions in Eq. 48 into 
the imaginary part of Eq. 49, 

2 
3 (1+ V0 = arctan 1 = arctan (50) 

1-Vo 
=Vo 

which can be solved for Vg 

= sin 2 Volx-o = 51 - (51)
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The potential in the z plane can be expressed in the form 

Vo=y- fy Ay sin my e7mm™ 
m=1 

In order to satisfy Eq. 51, the A,, are (52) 

ym An? 2(-1) 

mm(4m2 — 1) 

The point where n = = 0.2 need not be found since the useful radius is the full radius of the pole, m. The 
leakage flux is most conveniently determined in the z plane by integrating the flux crossing t! 
boundary 

y=0 0=<=x=M M<«* 

y=l X3 SX =M 

where xg is the value of x when X= 3 as determined by Eq. 49. 
This treatment can be readily generalized to include any of the equipotentials in the 24 plane a: 

possible pole shapes, with a square pole corner included as a special case. The angle 76 is the angle 
between the x) axis and the side of the pole. Equation 48 becom 

Vea —© <Xy <-a 

= aky —a <x, <a (53) 

-a a <Xy <0 

Equation 49 may be replaced by 

annie dig oyft 1 (54) 

Equations 51 and 52 become 

V=asin 3 (55) 

< x =ay-a J) A, sin may e™” 
m=1 

(56) 
2(-1)™ 

Am = — 4g 2-4) am(4m 1) 

The leakage may be determined by integrating the flux in the z plane: 

b 0 - 20 - 
=f adx+ [ iw) =| ax- f ays) =| ds (57) 

° 0 ¥ Jy=0 b Y dya1 

where 

=X Iyer 
X= 



20 TID-454 

The signs are chosen so as to make ¢’ positive. To solve for b note that approximately 

Yy =X, tan 76 (58) 

Equation 54 may be written 

7 Zz. 
= i) =_1 cosh 2 (z + i) a (59) 

Substituting z = b + iy and Eq. 58 into Eq. 59 gives two equations from which y can be eliminated to 

x (tann? 2 md tan? 13) = sinh? 2 (60) 

The solution of Eq. 60 for b as a function of 6 is given in Fig. 1.19. Integrating Eq. 57 gives 

g@'=ab-a +} An +a yr Ay, cos ma(1 — 28)e"mmb (61) 
m=1 m=1 

The last integral has been evaluated approximately but its contribution is so small that it will be neg- 

lected. The sum of the series — Zo Ay is 2/7 0.3068; thus the leakage per average half-gap of 
nn mee is 

$= alo +7 0.3068) 

The total leakage at x, = 3 is 

$3 = (2m + 3 tan 76) a(mb + 2 - 0.3068) (62) 

The flux efficiency is 

Fe mm2 (63 

= am? + 3 : 

and the flux density at x; = 3 is 

2 mm* +$3 
Bp = mm +3 tan 74) (64) 

F and By, are plotted as functions of 6 for m = 9 in Fig. 1.19. E, the pole-tip efficiency, is computed by 

I perfect’’ shim, as was true with no shim (see subsection, Equi- 
ocean Matnematically Related to Square Equipotential), that more energy can be obtained with a 
given amount of material and power if a tapered pole is used at high field than if a cylindrical pole is 
used at a omen field. It is also apparent that a shim is valuable. For example with 6 = 0.15 the angle 
of the side of the pole with the vertical is 27 deg, the useful radius and field are 100 per cent, the flux 
efficiency is 0.71, and the flux density three half-gaps from the mid-plane is 1.02 times the 
homogeneous field in the gap. The energy which can be obtained with this arrangement is 145 per 
cent of that which can be obtained with a square-equipotential corner.
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Pole with Raised Edge 

The simplicity of the treatment justifies considering a pole with a raised edge to determine the 
aa of the radius which can be obtained with this type of shim. This equipotential is generated by 

e transformation 

2 v2 +1 + log yzy+1-1 (65) 

at y2,;+1+1 

This reduces to Eq. 11 when a = 0. The equipotential produced is shown in Fig. 1.2 
an be shown that the field on the x axis is monotone, decreasing with x, provided that 

a<l (66) 

The transformation which is considered, therefore, is 

1 yz, +1-1 
Z== | yz) +1+log (TL _ 67, 

| 1 ve (Yae4| (67) 

since the useful radius is extended as for as possible by making a = 1. The field is given by 

2 yx, +1 
H= 1s 2 (68) 

The derivative of H with respect to x is 

2 dH 2m x} Pale ee (69) 
dx (xy + 2)8 

n is given by 

r dH 7 x? r 
n=-p—= (710) 

Hi dx (x + 2)2 Veal Vx, + 

Since r is 

. r=m+— ; [a +1+ log (232) (71) 

the equation for n becomes 

2 . 

=—)__|1, —_|am +10 a 72) 

aha yy +l id Ky+1+1 (72) 

With n = 1/5 and m = 9 this equation gives x = 0.200. The other ng quantities determined in 
the usual way are given below: 

p=8.365 p/m = 0,919 
Ho = 0.996 F = 0.667 
Bp = 1.291 E =0.511 

This method of increasing the useful radius is valuable as is indicated by the value of E. The height 
of the edge in the z plane is 0.182 half-gap, i.e.,
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N
i
e
 a3 4 

yea 

at the tip of the raised edge. It does not appear worth while to extend these calculations to the related 
family of equipotentials. 

Poles Obtained by Superposition 

The variety of pole-tip shapes which can be obtained with Schwartz transformations which inte- 
grate into simple functions is limited. Since it is desirable to have a better estimate for the expected 
pole-tip efficiency, E, a few pole-tip shapes obtained by adding two or more simple fields will be 
considered. 

The basic field will be taken as that due to a square-equipotential corner which is given in terms 
of the parameter x in the subsection, Square Equipotential, 

a 
- (73) a aus + log (ey 

The pest field which will be added to that of the square equipotential corner is a dipole at X = 0, Y = 1 
which is oriented so that its axis is parallel to the y axis. The potential of such a dipole m be 
eared | from the potential of a line charge and its tneee in the mid-plane, by aittnceieating with re- 
spect to Y. The potential of a line charge and its image 

2 2 x V =k log R42) + 9 + YE meee (74) 
(x + X)* + (y + Y) 

where x,y = coordinates in the z plan 
= coordinates of line chat in the z plane 

Differentiating give: 

ky(x2 + y2- 2 
Vo=4 as = 2 He (78) + axA(y® + ¥*) + (y“—- ¥4) 

and the field in the mid-plane is 

2 2 
av k(Y“ — x“) 

Hy == — = (76) 2 ay y=0 (x2 4 ¥2)2 

In order to find the value of k, the derivatives of Hy and Hy with respect to x were determined, and the 
aximum value of k which made the derivative of H, + Hy less than or equal to zero was selected. 

S process, which assures a monotone decreasing field with increasing x, is shown graphically in 
Fig. 1. oan mn value of k obtained is 0.0694. 

In r to obtain a family of pole-tip shapes the parameter 6 is introduced. 76 is the angle be- 
tween — side of the pole and the vertical as in the subsection, Related 
to Square Equipotential. The change of scale required to adjust the half-gap to one is taken care of by 
the change of variable 

x 

*6= 1-3 (7) 

In this notation the formula for n is



TID-454 23 

r dH == = ui neg a5 r=m+xg (78) 

This was solved numerically for xg as a function of 6 with n = 0.2. The results of this calculation are 
given in Fig. 1.23 as are the related quantities p and p/m. The quantity m is taken to be nine, as 
before. 

T lux in the pole base and radius of the pole base are calculated as previously, except ag the 
flux is slightly increased due to ithe presence of the dipole at the corner. The ional fulx per half- 
gap of y integrating Ho with respect to x. 

kx 
f Hdx = weal (79) 

This integral vee if the limits are made infinite. Since ie "ail of this term to the 
total flux is small, the maximum value of the integral was taken; t 

+1 
f Hodx = k (80) 
1 

The additional flux after the variable of integration is changed to x5 is 

27mk 
$= Ta35 eH 

maining information required was obtained in the subsection, 
Baltes to Square Equipotential. the ee he the density in the base, at y = 3, 
function of 6 in Fig. 1.23. Th F, , and E, the pole wilcieces. are shown as 

g. 1.24. 
aining problem in this calculation is to determine the shape of the equipotentials. Since 

the potential functions are known, this is straightforward. It is convenient to make the substitution 

yz, +1=u+iv (82) 

in Eq. 73. The equation is then divided into the real and imaginary parts, 

v2 — 1)2 4 4v2 
x= 2u +3 log mae 12 + v2] (83) 

y = 2v + arctan Fe ea (84) 
u 

If xX or v and y are given, mi solution of these equations is se aan oe task of 
plocting ‘ie entire field was not undertaken, but the height of the shim at the edge of the pole was 
calculated by setting x = 0, assuming vanes for u in Eq. 83, and solving the resulting biquadiration for 
v by Table 1.1, Appendix I. Equation 84 was then solved for y and Eq. 82 for 64, and the potential was 
obtained by 

6 
V =~ aqsay (85) 

The height of the V =1 point at the edge of the pole is given as a function of 6 in Fig. 1.24.



24 TID-454 

h the flux inion at this point has not been calculated, it is sufficiently ape as that the 
sinares sare would have to be above the V = 1 surface due to the finite permeability o: 

‘urther ipeovemead in the useful radius can be made by putting a line quadvupole ‘vith its 
axis parallel to the y axis at x = 0, y = 1. This field does not keep n from becoming 0.2 at a smaller 
radius and must have a correction fed added to aoahens we 

The potential for the quadrupole can be d Eq. 75 with respect to Y, 

kYy [(x2 + ¥2)(3x2 + 2y2 — ¥2) — y4] 

[x4 + 2x2(y2 + ¥2) + (y2 — y2)2]2 
V3 

The field on the mid-plane, y = 0, is 

i av kY(Y?2 — 3x2) 3 == Fa te iT a 
ay ly=0 (x2 + y2)3 

The derivative of H3 with respect to x was used to find the value of k which makes H a monotone de- 
oon ae function of x. As noted above, it was found necessary to decrease the derivative in the region 

y adding a dipole at x = —0.8, y = 1 of strength k = 0.0218. The pean of the oo 
aed was k = 0,090. The derivative of the resulting field with respect to x as a fun of x is give: 
in Fig. 1.25. For this discussion, it does not appear worth while to make a better nafoatrnont of the, 
constants. 

The value of x5 where n = 0.2 was determined numerically, as before. The field at x6],-0 2te- 

mains essentially constant at Hg = 0.977. The flux in the pole base was assumed to be the same as in 
the previous derivation. The flux efficiency, F, and the pole-tip efficiency, E, were calculated on this 
basis. The above results and also the related results, p and p/m, are shown in Fig. 1.26. The useful 
radius, p, is given by m + x6],-0 2 and the nominal radius m was taken as nine. 

flux which crosses the gap is not increased by dipoles, quadrupoles, etc. However, the 
field developed by them may be of such a nature that it cannot be produced by a pole tip sag he steel, 

be done, for example, by adding appropriate line charges. A line charge and its nage in the mid- 
plane are associated vis flux crossing the gap; therefore, the leakage might increase. Thus the value 
of E Cabarete in this analysis may bas somewhat high; also, ue may be low and F high. 

istance from the V = 1 equipotential to the mid-plane is shown in Fig. 1.27 as i 

ae are flux density at this palut, It is not unreasonable to consider using a density aa i two 
in the shim edge, but the shim will extend about twice as far toward the mid-plane as the V = 1 equi- 

The distance of the shim from the mid-plane at -0.4 0 — 0.4/1-26 was computed, assuming 
that the field due to'the square-equipotential corner is “homegeneora in this region and neglecting the 
contribution due to the dipole which is small in this region. These results are shown in Fig. 1.27. It is 
clear that just inside the raised edge, the gap is greater than the nominal gap. 

Conclusions 

pole tip gives the field a satisfactory dependence on the Position in the mid-plane of the gap 
and determines to a large extent the over-all Berformance of the m: 

e potential associated with a field whi linearly with radius, was given 
and a method for terminating this field in the center of the apie was discussed. 

A measure of pole-tip efficiency 

2 _7 'Ho 
épBp (86)
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gives interesting results. The maximum possible value for E is one. An unobtainably high value for 
magnets that have the coils well away from the gap is 0.71, and a value which can be reached with a 
pole which will work at ‘‘any’’ field is 0.52. An effort to obtain a value of the pole-tip efficiency, E 
which could be used as a goal for experimental magnet design gave E = 0.64 

It is found that the useful radius with the conventional type ¢ ae that is, one with a raised 
outside edge, could be as high as 92 per cent of the pole radius. It is shown that this can be | increased 
to about 96 per cent by cutting a groove into the pole face just jnaile of the raised edge. This result 

’ 

These data offer a firm foundation for the experimental studies which complete the design of the 
pole tip. 

1.2 MAGNET COILS 

Introduction 

The coils of a cyclotron magnet supply the magnetomotive force necessary to operate the magnet. 
From the point of view of the one who uses a cyclotron, the coils are a necessary evil because they 
make the gap less accessible, and occupy space nie might otherwise be used for apparatus. 

net, the size of the coils also affects the cost of 
following: 

The reluctance of the wis and yoke depends in a similar way on the dimensions of the coils. 
For these reasons, the coil should be as small as is consistent with a reasonable power require- 

aa apes hiss is achieved by building the coils with a high average conductivity. 
erage conductivity depends on the material used for the conductors, its temperature, and 

the eet of the available volume occupied by the conducting materi: 
Under most circumstances, copper is the logical choice for ie conducting material, because 

silver is too costly and other materials have lower conductivity. 
T 1 o

s
 

bd
 ai bi ape and to keep 

the coils, it is foie that they be few in number. Direct, cooling of the conductors with a few chan- 
nels is SE es using large conductors with high currents. 

The average conductivity also depends on the fraction of the coil volume occupied by ve eect 
this traction is known as the “‘space factor.’’ The space che is influenc =a by the type 

mployed, as mentioned above, and by the space required for insulation. 
a. insulati on is required only to maintain mechanical separation of the con ors. 

Two winding arrangements are considered which meet the requirements of: a good coil as outlined 

—" Lo crclings 

above. 

Winding Arrangements 

The winding arrangements Selected will depend largely on whether the machinery necessary for 
the conventional type of win available 

sufficiently large and Powerful windin, ing machine is available, the coil may be constructed fro: 
copper bars wh which are as high as the coil, and whose thickness depend is on the width of the coil and the 
number . Such a coil may be cooled with water tubes fastened to the top and/or bottom of the 
conductors, eid adequate cooling at the edge, the temperature rise may be confined essentially to the 
rise within the conductor. The arrangements and equations for the temperature rise are given in
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Fig. 1.28. This coil may also be cooled by oil flowing vertically between the turns. The problem of 
oil cooling is considered at length in later paragraphs. 

A second type of coil which is more attractive, when the coil must be wound at the cyclotron site, 
ss a flat-wound helix. In this case, the pieces of conductor are fabricated as sectors of an annulus 
and assembled in a continuous helix. This coil may be cooled by water tubes fastened to the inside 
and/or outside circumference with the conductors. In Fig. 1.29 the arrangements are give! 

The equations for the temperature rises are, for the arrangement cooled with water au inside 
and outside the conductors, 

log? y 
T-Tg=A “1 Tn-To -4 

for the arrangement cooled with water tubes inside, 

log? (r4/r) og” (ry, i25 

T- =Al1l-—9_,,., - = = 
To log? (r;/t9) Tm~ To =A A = Stntk 

and, for the arrangement cooled with water tubes outside, 

2 log* (r9/r) 
T-Tg=A/]1l—- -Toy=A 

o log? (r4/r9) m~ To 

This coil may also be cooled by oil flowing radially between the conductors. 

Oil oes 

ere oil cooling is used in the designs considered above, the oil flows in thin wide channels 
with i conductor composing at least one wall of the channel, In large coils of this type, the flow will 
probably turn out to be laminar 

It is a simple matter to determine the average temperature rise of the Shona! but it is also 
necessary to know how much the temperature of the cooled surface exceeds the average temperature 
or to be assured that this is small. An approximate equation for the surface — rane is satisfactory 

for most problems is derives below. 
Assume that a fluid is flowing over a a delivering constant heat per unit area and that the 

coolant enters at zero temperature and has a linear-velocity gradient with zero velocity at the surface 

, the 
perature gradient in this direction is small compared to the gradient in the x direction, The dif- 

nai equation is 

" (87) 

In order to obtain the steady-state equation, the derivative with respect to time may be written 

— -— 
aT ot. aT dx aT dy 
Gt ~ at * ox at * ay at
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aT 
rae 0 a” 0 

thus 

avo dy aT, 
dt = ay it ay ox 

Combining Eqs. 87 and 88 gives 

2&7 _xoT 
ax2 az 

where 

pe 
~ OV y 

This equation may be solved by using the Laplace transformation 

g(x,s) = J e~S2T(x,z)dz 

Integrating by parts gives 

1 1 60 ot =—- e"S27 e78z 2f g(x,s) 5° wa], + fe 
s 

However, at z = 0, T = 0 and, at z = ~, 0 = e~S%, which dominates the expression. Thus 

aT = -sz 2° sg = f e az dz 

Now differentiate g twice with respect to x and divide by x to obtain 

1% p o-sz PT 
Rx =f* x axe a 

By subtracting Eq. 91 from Eq. 92, 

I
e
 

cy 4 
25 og = [7 vse UF of dz 

However, from Eq. 89 the integral vanishes. The diff tial equati 

The solution of this equation which does not go to ~ at x ~— ~ is 

g=A Vx uf), (F vex8/?) 

(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95)
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may be verified by differentiation. To fit the boundary condition at x = 0 make 

oT _4 
| as (96) 

x=0 

Differentiating Eq. 90 with respect to x gives 

9B * e-s2 oT ix S e ax dz 

and 

| ° o-sz4 a .- [ 4 — = e — dz =—eSZ}| =-— (97) 
ax x=0 5 k ks 0 ks 

Differentiating Eq. 95 with respect to x gives 

ag _ (1) ( a 3/2) ix 7 AX VS H_9/3) 3 VS x 

The limit of this expression as x ~ 0 is 

52/3 51/6 32/3 ag “ AY s a 3 (98) 
ax] 0 sin (7/3)(—2/3)! 

which by Eq. 97 is —q/ks. Thus A is 

A = i4/3 5-1/6 qk-l 372/38 sin 3(3)1 

and Eq. 95 becomes 

g=sin 5 (- 2) i4/3 q s-1/6 4-1 3-2/3 yx uf), (i 2 Ys x8/2) (99) 

The desined tuncHion: is the temperature of the surface delivering heat, i.e., x = 0, putting in the li 
OH, 3 gives 

a 37/3 74/3 (2): 100 
elo KCI/3)! 3)" . (100) 

From Eqs. 90 and 100 

g| = f e Sty) gz 95 S$ ah 3-0/3 5-4/3 (2/3) 
x=0 “0 x=0 kC1/3)! 

which may be written as 

6 “1/3 (- f e782 (s!/379) d(sz) = Suid i) = constant
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and this is satisfied if 

_ 4/3 4371/3 (-2/3)! _ 21/3 q 32/3 
Ty =21/ KC1/3)! (173)! ~ KE um (101) 

since the left-hand side becomes 

-1/3 (— eo 
q (-2/3)! -u 41/3 = kia)! (1/3)! J eu du u=SsZz 

d the above integral defines (1/3)!. Q.E.D. Replacing z in Eq. 101 by its definition in Eq. 89 gives the 
desired function 

2/3 e108) 
sO Oo 102) 

01/3 61/3 vol/3 (-1/3)! 

Thus the temperature increase at the heated plate, under the assumed conditions, is a constant times 
the ed root of the distance from the cool end to the point in question. 

e the assumed boundary conditions are not usually obtained, Ea. 102 must be used wit 
mperature rise is not excessive does 

not ensure that the maximum coolant temperature (i.e., the temperature of the conductor) is 

e sive. It is necessary to estimate the difference between the maximum and the rage. "For this 
purpose, Eq. 102 may be used. 

Laminar Flow in Triangular Duct 

Westinghouse has proposed the cooling and insulating arrangement shown in Fig. 1.31, in which 
the coolant flows in triangular ducts. The flow in such a duct is derived below. The equation for the 
velocity profile is 

vev+2=0 (103) 

where v = — 

p = pres 

Thi lem is simplified by approximating the triangular duct with the sector of a circle. Using 
polar coordinates Eq. 103 becomes 

2, 2 
afv lav 1 atv PL (104) 
ar2 rar r2ag2 ul 

particular integral of this equation which satisfies the boundary conditions except along the arc 
(an end effect) is ' 

pr“ (cos 26 
‘1 = Gur ar (ee 209 -1) (105) 

where @q is the half angle of the sector. The homogeneous equation is solved by a series involving 
trigonometric functions of the angular coordinate and powers of the radius, but its es mon is 

small for small 69 [approximately 5 per cent higher pressure for a given volume of flow 
(8q ~.02)]. Expanding the cosines of Eq. 105 in power series and keeping only the leading | a gives
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. pr? 2_ 22 
vy * 5a (0-9 ) (106) 

The volume of flow per second obtained by integrating Eq. 106 is 

4 68 pnd pp* 6H _ peh* 
Ve Ga * dul (107) 

where p = outside radius of sector 
= 2p8q = base of sector 

The average velocity is obtained by dividing by the area of the sector 

we
 

vee (108) 

The average one-third power of the velocity gradient is 

1/3 
vol’3 = ; (2) / (109) 

It is interesting to note that the result for a rectangular duct of width h is 

1/3 _ (Ph\1/3 
You = (& 

Outside Diameter of Coils 

The factors which influence the determination of the outside diameter of the coils are convenience 
and costs. The discussion below includes the obvious elements of cost. For operating convenience, 
the coils should be made smaller than is indicated because the total cost is a slowly varying function 
of the coil ies ie Tr near the minimum of c 

In addition wing the type of construction ie be used in the coil, it is necessary to know the 
jaeoumanes of tik meni circuit and the unit cost of steel, electrical energy, and coil materials. 
It appears that the unit costs can only be determined after the cyclotron has been in operation for 
eo eee so atwiansar must be employe 

sts which are affected are the combined costs of steel, copper, and energy. 

th ost of steel m may be divided into two parts: one varies linearly with the outside diameter of 
the coil, and the other does not depend on the outside diameter of the coil (see Fig. 1.32). The cost of 
steel may be expressed 

Cot = Co" F s8RBrox + other costs (110) 

In the above formula 
Cy = unit cost of steel, $/em3 
8 = area of horizontal yoke x { . 

same units 
A = area of pole face 
S = width of gap, cm 

Rg = ratio of radius of pole face to gap width 
Yg = ratio of inside radius of coil to width of gap 
x = ratio of outside coil radius to inside coil radius 
Xq = the value of x which indicates minimum cost
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The cost of copper is given by 

CP -aieli—ays8 Coy = Coytt(x? — 1) s3r2t (111) 

where Coy = unit cost of Cu ($/em3) 
a space faction 

ratio of height of both coils to gap width 
In one may ‘be included the cost of insulation and constructioi 

in a coil where the current is distributed as 1/r (the current distribution ay ag very little difference 

unless the coil OD is much greater than the coil ID), the cost of energy is give 

_qa _2mpS 12 
p= Cpittogx | ou 

where C’ = unit cost of energy ($/10 year watt) 
Pp ca 

= resistivity of conductor (ohm c 

re turns required if gap were 1 cm 

i =p (113) 

where E = efficiency of magnet = gap ampere turns + total ampere turns 
= field in gap 

InCy ry be included the cost of the generator and the cost of cooling to remove the heat developed. 
LY of these costs plus the costs which are not a function of x gives the total cost of the 

magnet, 

+o Bad _ys3 pS 100 HR C = Cop2n 5 SRGrox + Coyttlx? — 1) SBrgt + Cp eT ganz + G (114) 

where G = other costs, not a function of x. 
Assuming that nothing but x itself and C are functions of x in the above equation, in particular 

assuming E is not a function of x, Eq. 114 may be differentiated with respect to x and the minimum c 
determined by equating dC/dx to zero and solving for x. 

2 , (100pSH ) 1 3 2,03, ai, Slog x 262 ri anR@s 9 + (CoytrofS't) 2x (115) 

For purposes of computing, this form is most convenient, since constants are the same as those in the 
cost equation. The equation may be simplified for inspection however. 

2 2 BR: 2 10 
Cot =! wx + Coy(wx)* = pC; (aes ioe 3) (116) 

where w = trof. 
It is quite clear from either equation that this factor, optimum x, repent on scale factor. The 

assumptions made cause the value of x given by the equation to be too lar; 
Equation 115 or Eq. 116 is solved by the nomograph given in Fig. 1. 33. “The sample calculation on 

the nomograph and the curve of cost vs. x given in Fig. 1.34 are based on the data:
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t = 2.357 H = 18,000 gauss 
f = 0.85 ro = 4.79 

B/A =1.2 p=1.88x 1076 
E=0 Cy = 0.333 $/10 year watt 
S = 35.56 cm a = 5.88% 1073 

Ro = 1.89x 1073 $/cem3 

Height of Coils 

With a method similar to that employed in the previous paragraph, an estimate of the optimum 
height of the coils can be made. The terms which are of interest in the cost equation ar 

1 
Cy, R23 (2) + B le k’) 

, r ” + Coy 2nR2s3 [o? -1) g (F-k”) (117) 
0 

2 c ps (10HgM)* |G 
P t(1 — 6) log x 87 

Most of the terms have been defined previously. The others are as follows: 

G' = other costs 
2SF = height of ve = yokes; K’, K” are constants 

2x bd 
o
 w
o
u
 

that fraction of ‘te coil volume not occupied by conductor 
SRo = yadius of base of 

=< = ratio of total ampere turns to gap ampere turns 

The flux density in the base of the pole is ordinarily so high that the variation of M or E with F is 
important. Considering this, the differentiation with respect to F gives 

dk 
2 2 2 2 k 3 Rp? BY] ow [2_ ra)  2p8 100Hg k df 2nR2s is | (a2) +R] + Ceu | - Ups) [f+ Cp iogx ar | 82 * ERs (118) 

as the condition for the ane coil height. 

example, the. dat: 

10 year watt 
<0 —— 8 — 

cu =1.9 x 10-3 $/cm3 Ro = 4.64 

? al 

7 

Fe aS Rp/Ro = 144/130 
p=1.75 x 10-6 ohm cm ro/Ro : 146/130 

x=14 

and dk/dF = 0.129, corresponding to H = 1290 in the pole base give as the optimum, S(t — 6)/2 = 16%-in. 
= height of conductor. 

Other Factors in Coil Design 

There is a tendency to gyerestimate the quality of the connection which is required between two 
large conductors in a coil. The ection must not develop hot spots, which pan uae conti 
insulation, and should have a small + resistance and good mechanical strength. One square centimeter 
of metallic contact distributed over the joint will carry 10,000 amps with ney sligible. resistance and 
temperature rise. Adequate mechanical strength is almost a sufficient requirement for the connection.
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The generator should match the coil in the sense that the + ap of the maximum voltage output 
and the maximum current should be equal to the resistance of the 

all magnets where the coil must be relatively prt to ee the power requirement reason- 
able, the ieestontina of current in the coil may be important. The resistance per ampere turn squared 

m when the current density is inversely Sa eatienal to the radius. This is not necessarily 

e whole problem of coil design is greatly complicated by lack of industrial experience. 
makes it difficult to determine the cost of construction in advance, and it is not possible to get reason- 
able estimates on the relative cost of two designs. In the future, it will be possible to include intelli- 
gently the cost of construction as a parameter in coil design. 

1.3 POLE BASE, YOKE, AND OPTIMUM FIELD 

Introduction 

Steel plays three important roles in a cyclotron magnet. It shapes the field in the gap, completes 
the flux circuit in a material of low reluctance, and is the principal structural member of the magnet. 

The structural problems are not considered here except to note that the critical dimensions of the 
gap can be maintained by nonmagnetic supports at the edge of the gap. 

As was described in Sec. 1.1, steel is useful in giving the field in the gap the proper wlecch on 
position. It is also important in reduc: ing rhe oe turns required to complete the magnetic circuit 
from one pole tip to the other. Since steel is costly and does not have infinite permeability, the enn 
should be kept as short as possible. The area of the pole base and yoke sections should be adjusted so 
that the over-all cost of the magnet is a minimum, Sections that are too large require excessive steel 
and sections that are too small require excessive power. 

The magnetic circuit is kept short by making the yoke sections wide and thin so that a given inside 
circumference is maintained with a minimum average circumference. Also, the outside, minus 
inside radius of the coils, divided by the sum of the axial dimensions of the two coils, should be ap- 
proximately equal to one so that the circumference of a vertical cross section of the coils (thus the 
circumference of the steel circuit) is made a minimum. Both the above statements need qualification 

he best cross-sectional area for the pole base and yoke is estimated in the ag ao 
Since the size of the coils and horizontal yokes are affected by the size of the pole base, it should 
made of magnetically ce ae and the opti: mum size is rather critical. The e space ae by fhe 

ged. and the angement which gives the m: 
power can be selected. For this reason, the Pa ant is treated in s ina sory simple way. The vesulte may 
be used as a starting point for the experiment 

In the subsection, Optimum Field, ethod ‘Si —— for determining the field strength at which 
the magnet should operate so as to give athe required energy at the least cost. This field strength 
depends on the design and the size of the magnet and cannot be determined without a model magnet. 

Size of Pole Base 

The size of the pole base can be approximately adjusted by the following analytic procedure so as 
to give a minimum over-all cost. 

The costs that are a function of the diameter of the pole base are the combined costs of horizontal 
yokes, pole steel, steel rings (which form base plates for the con and act as part of the magnet 
circuit), coil, and energy to operate the coil. Assuming that the cost of the steel is proportional to its 
volume, that the cost of the coil is proportional to the copper cha, and that the cost of energy is 
proportional to the resistance of the coil times the square of the current it carries, gives as the sum 
of these costs
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ch , 295%? 2 D srox + 1S°R2S1y + 1S*R2(x? — 1)8G 

+ Cou [ ws2r3(x? - ste] (119) 

, [@ /10SH )M\2 
+ cy E (Seo) | 

where Cot C w and C. are cost of steel per cubic centimeter, copper per cubic centimeter, and 
energy led ao walt 

= gap width, 
eR, = radius of ‘ts face 
s2p = 2x area of horizontal a 
8A = 7S2R2 = area of pole fac 
Srg = inside radius of coil 

= outside coil radius divided by inside coil radius 
SRp = radius of pole oe 
Slp = 2 x height of pol bas 
SG = 2 thickness ot steel Thane plate for coil 
St = 2x height of coil 

{ = fraction of coil volume occupied by copper 
Q/S = resistance of coils (in series) per turn squared 
Hg = ea at center of ga) 

urns required by magnet divided by ampere turns used in gap 

‘s = ampere turns used in gap = (ee 

= ampere turns used in pole pase 
he aepeeuaea of this expression with ri t to Rp, in order to minimize the cost, is straight- 

forward (assuming r, o= =Rpt constant) exept tor the dependence of M on Rp, 

2nS8C i [R3R ga *+Rplp + Rp(x? - ug] 
5 (120) 

3, 2 > > {10H dM 
+ 2SPCU r(x? — 1)tf + asco (0 M Ry 

M may be written 

M = const +i = const + ipHp 
ig Ho 

and differentiating 

dM _ 15 dHp GB, oe. = BoB SB 
dRp Ho dBp dRp — 

Now assuming the flux 9 in the pole base is a constant 

gBp_ de #0 .-2 ¢ ._ Bp (122) 
Rp ap m2 Rp aR? Rp 

By putting Eqs. 121 and 122 in Eq. 120 and equating it to zero, a condition results which will make the 
over-all cost of the magnet a minimum. Solving this equation for B/(dB/dH), an observable property 
of the steel, gives
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, D , 5 Cit [RB 1, * + Rglp + Bale? - yc] + Coyrg(x? - 1)tf 

B = (123) 
BB an 00 Ch 2H Mig 

5 100 53 @3 Rp Rp 

where, for the usual type of coil, 

_7e(x+1 

on tf @ = i) 

p= resistivity of conductor, ohm cm (124) 

B/(dB/dH) varies rapidly with B near the saturation density of the steel, as is indicated by the follow- 
ing table based on a low-carbon steel sample tested by the procedure outlined in the following chapter. 

B B/(dB/dH) 

20,880 6.8x 103 
21,020 8.4.x 103 
21,200 10.6x 103 

Due to the rapid change in B/(dB/dH), the optimum flux density in the pole base does not change 
appreciably when small changes in the design are made; however, the factors not considered, such as 
ai and the convenience of having a small machine, make the flux density indicated by Eq. 123 
too small. 

The following example has data appropriate for a 130-in.-diam. magnet with a 14-in. gap. 

=1.44x 1075 ohm cm per (turn)2 D/A = 1.2 
cy = 0.0019 $/cm = 1.442 
Cy = 0.007 $/em' 1p = 1.9 

0.44 one year watt G=0. P 
S = 35.56 cm i<

) tf 19 
Hg = 2 104 gauss 
M = 1.43 

These figures give 8.3 x 103 oersteds for B/(dB/dH) which, as can be seen from the table, 
corresponds to about B = 21,000 gauss in low-carbon steel. 

Yoke 

mple approximation, the yoke is assumed to bed constructed of rectangular oe 
of steel. * the horizontal yokes are assumed to carry all the flux from the pole, and the 
assumed to have a reluctance which is in parallel with — of the vertical yokes. The 

yokes are the one of energy for the coil, plus the volume of steel in horizontal yokes, times the cost 
per unit volum » kemamnlug that the yokes have a constant area (S2D)/ 2 over their length KS, these 
costs are 

12 (10SHpM\?  , 2ca-e D 
Chg (aeth) + CaerRGS%KS a8) 

The derivative of this expression with respect to D multiplied by D is 

afl ' ops z(ideng ostig) Sm 4c eT 2s%K ? (126)
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In order to determine the derivative of M with — to D, assume that the’field in the horizontal yokes 
is Hy, a constant, over the whole length K. The 

aM 1 d(ig+ip) &k dHy dBy am 
<5 aC a 127 
aD “ig dD Ho dBy “dD 

where oe = ampere turns required by remainder of circuit (constant) 

= ampere turns required by 
ig = ampere turns required by Fortkoutal yoke 
By = flux density in horizontal yoke 

Assuming that the flux ¢ is constant throughout the length of the yoke, then 

E
o
 

aBy 4¢ By 

@D aD D 
(128) 

By putting Eqs. 127 and 128 into Eq. 126 and equating the result to zero, the condition for minimum 
cost is found to be 

2 1 @ (10SHg\? 2M (By + 1g3p2D One (20st ) ie (ase) Coyrs3R3 2 (129) 

Solved for By/(dBy/dHy), this is 

4n8\? mRB (D/A) Cit 
Ea -( J IMHyo Ci, (130) 

Using the data from the previous paragraph, gives for B/ sr ire the value of 850 oersteds, which cor- 
responds to a flux density of less than 18,000 gauss in low-car' 

The area of the vertical yokes can be calculated in a similar r, again using the equivalent 
circuit shown in Fig. 1.35. The costs involved are the cost of energy vier the coil, plus the volume of 
steel in the jena yokes, times the cost per unit volume. Assuming that the yokes have a constant 
area (S2D' )/2 over their height Sh these costs are 

1 2 (10SHM\  , 2202, D’ 
Cos ( ii ) + CopmRQS“hs = (131) 

The derivative of this expression with respect to D’ multiplied by D’ is 

10SH\2 
D’ ey z i} am oe +C seme stn & (132) 

The derivative of M with respect to D’ is 

dM _h dHy 
aD’ ~ Hy aD" (133) 

where H, = the field in the vertical yokes. In order to get this expression in useful form, the equation 
for the flux in the circuit, 

$= B,D’ +—¥ (134)
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= flux density in the vertical yokes and k/S is a measure of the reluctance of the air path, is 
differentiated with respect to D’. 

dBy hdH, 

0=By+D’ Wi, ca (135) 

The equation for minimum cost is obtained by substituting Eq. 135 and 133 in Eq. 132, and setting this 
qual to zero. When this equation is solved for B/(dB/dH), the result is 

[Cp9Ho(10/475)? 2m __By _ (136) 
dB,/dH,, \ Cyt™R2(D' /A) Byk( D‘/A)TR2 

Assuming the data used in the preceding examples, and also BY = 18,000, h = 5, k = 107 2) and D’/A = 
1.0, gives for ene ) the figure 1300 oersteds. This corresponds to about B, = 18,000 gauss in 
low-carbon stee! 

Optimum Field 

There is an optimum field strength at which to operate the cyclotron magnet, That is, in order to 
obtain a given energy, it may be better to build a large magnet and operate it at a low fiel a ora 
smaller magnet and operate it at a higher field strength. 

The dependence of the cost of a cyclotron on its size may be written as 

C = C389 + CoS? +C48 + Co (137) 

where C3 = Ge = costs that increase with the cube of the magnet size (e.g., steel) 
Co = c3s? = costs that go with the square (e.g., cyclotron shield) 
Cy = CS = costs mat go with the first power (e.g., power) 
Co= at do not depend on the size of the magnet 

The derivative with Seeerect to size, S, times S is 

dc 
Sas = 3C3 + 2Co +Cy (138) 

The relation between energy and size is approximately 

E =E’S2 

and (139) 

dE 
s 37 2E 

The quotient of Eqs. 138 and 139 is 

3 = sac se Te (140) 

The dependence of magnet cost on exciting current in the coils is 

C= ki? + other costs 

2 where Cy =k i* = cost of energy to operate the coils.
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The derivative of the cost is 

sai di 
dC = 2kyidi = 2C, (141) 

The energy of the beam may be written approximately as 

E = kp(Hp)? (142) 

and 

d(H, GE = 2kgHip alitp) = 28 THe? (143) 

The quotient of Eqs. 142 and 143 is 

= CP (log i) 
a E dilog rz) (144) 

When the increase in cost per unit of beam energy is the same due to increasing the field as it is due 
to increasing the scale, then the ae is operating at the optimum field strength. By setting Eq. 140 
equal to Eq. 144 gives the conditio. 

ae 2. _ 8Cg + 2Co+C 
(log Hp) 14 
d(lo; “Set (145) 

The quantity on the left must be det ined on a magnet that is close to its final form. 
This concludes the discussion of the analytic design of a cyclotron magnet. It is clear that the 

final design must be based on a working model, but this work should be a valuable guide. 

1.4 EXPERIMENTAL METHODS 

Introduction 

rimental design work, itis necessary to have methods for obtaining data and methods for 
using these data. The includes a few methods for obtaining data by using a long- 
period galvanometer, arranged so that its net deflection is zero when the circuit is balanced, and two 
methods of using field-shape data in adjusting the shim. 

Basic Circuit 

Once the flux or flux density is known at any point in the magnet, the remaining data on flux 
distribution may be measured by determining the ratio of two quantities of flux. In most cases, the 
ratio is not so sensitive to the current used to excite the magnet as the corresponding absolute value 
and the required accuracy of current control is reduced. 

The circuit which is ne yed in connection with the following methods consists of a galvanom- 
1.36. 

The deflection of the galvanometer, if it moves from a position of rest to a position of rest, is 

Ae = ee Ty Adora ) (146) 
ry +R, 19 +Ro
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assuming that the galvanometer is linear and that its restoring torque is zero. The meaning of the 
symbols is 

A@ = deflection of galvanometer 
= constant for a given galvanometer 

A@ = change in flux-linking search coil 
r = resistance which is common to search coil and aa circuits 
R = resistance in search-coil circuit (including leads and coi 
Q = resistance in galvanometer circui! 

7 

his equation is correct regardless of series inductances or parallel capacitances which may be in the 
ceil (provided the flux linkages of the inductances return to the same value at zero current and the 

ant, 
the difference in phase between the two flux changes. This .ccomplished by using a galvanometer 
hich has a large time constant and by keeping the sesistance into which tne galvanometer works, 

small (i.e., keeping Q , and others, small). When A@ is zero, Eq. 146 give: 

4¢y ro +Ry 

Aga Tyg +Ro (147) 

The errors in the null methods are due to (1) insufficient sensitivity, corrected by using search 
coils with more turns-area; (2) incorrect resistances, including such masked effects as changes in 

the resistance of the search coils due to temperature changes; (3) incorrect or insufficient knowledge 
abi 

ent exciting the magnet being studied. (Also the history of the exciting current is important where 
savaveata aftects are important.) 

Comparing Turns-area of Two Search Coils 

A particularly simple example of the use of the preceding circuit is the comparison of the turns- 
area of two search coils. If the two coils are placed in a homogeneous field with their axes accurately 
aligned, and the resistances rj, R,, rg, and Ro adjusted so that the galvanometer does not deflect 
when the field is changed, then Eq. 147 gives 

Ag, _ AMA, _72 Ty +R, 

462 " AHeAp — Ty r2+Ro 

or (148) 

Ay To (v1 +Ry 

Ag ry \r2+Rp 
where A = turns-area of search coil 

This operation is simple and capable of good accuracy. 

Permeability and Incremental Permeability 

Permeability and incremental permeability can be measured by comparing a quantity of flux 
proportional to H with a quantity proportional to B.
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The flux in a coil wound on the sample changes by an amount 

Ad = a(AH) + A(AB) (149) 

where A = turns in coil times area of sample 
a= eee of coil minus turns in coil times area of sample 
H = field s 
oF ee dematie in sam; 

The term proportional to AH a be negligible; if not, it can be eliminated by a compensating coil so 
that Ad, is proportional to B..A second coil arranged so that it does not link the sample links the flux 

A¢g = b(AH) (150) 

where b = turns-area of the field coil. 
These coils are connected to the galvanometer as described in the subsection, Basic Circuit. If 

the galvanometer does not deflect when the field is changed, t! 

A¢1 _T2/Ty +R,\_ A(AB) 
Aggy \Tg+Ro) b(AH) (151) 

significance of AB/AH depends on the history of H in the sample. If the sample is cycled, the 
permesby is is measured. au the ela wares slowly in one direction, the deflection of the galvanom- 
eter will go t! e differential permeability is that indicated by Eq. 151. 
high fields, i ee but ‘tittle yaad ie incremental permea ability. The incremental permesility may 
be measured by superimposing a sufficiently 1 on a Steady field 
adjusting the resistances rj, R, rg, and Ro so that the galvanometer does not deflect. 

Field-shape Measurement 

The dependence of the field, in the mid-plane of the gap, on position is called the field shape. The 
meri ee, the focusing conditions for the ion beam and the useful radius of the field. 

the difficulties associated with determining the field shape by measuring the absolute field at 
vactoal en can be avoided by comparing the field at the point in question with the field at the center 
of th te rol ane 

pparatus nual for this purpose consists of two coils pennies with their axes parallel to 
. weir ae and at tt angles to the axis of a shaft. The axis of this shaft lies in the mid- of 
the gap and passes a Aicoweh the center of the gap. The shaft is made ' to rotate through 180 deg and 
then back with a frequency of about 1 cycle per second. The coils start with their axes parallel to the 

field, are inverted, and then returned to their original position. This type of motion is used to avoid 
the made of having a commutator. 

e signal due to one coil may be written 

Ady = ky Hy cos 6 (152) 

where be = constant 
= field at the coil 
= angul of shaft 

the alignment of the coils is not perfect, there may be a difference in phase 6 in the signal 
from the second coil, 

Ady = kyHy cos (6 + 4) (153) 

Since 6 is a small angle, this may be written
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Ado = KH (cos 6 — 6 sin @) (154) 

The term in sin @ is a nuisance and is eliminated by a third coil whose axis is at right angles to the 
axis of the shaft and the axes of the other two coils. The arrangement of the coils and the circuit 
employed is shown in Fig. 1.37. 

The apparatus is = by placing coils 1 and 2 in equal fields (e.g., at the same distance from 
the center ot the mid-plane) and adjusting Ry, r Ro and ro so that a rectified sine wave is produced 

the galvanometer. and rg are then adjusted so that the amplitude of the sine wave is ze: id 

that the ratio of the field at coil 1 to the field at coil 2 is read directly when the galvanometer shows 
no aa 

his arrangement, an accuracy of a few hundredths of 1 per cent has been obtained. In order to 
achieve this anne, a search coils must be carefully constructed. Two methods for constructing 
accurate search coils are discussed in Appendix IV, 

Magnet Efficiency and Other Problems 

Another use for the basic circuit shown in Fig. 1.36 is the measurement of the efficiency of the 
magnet. The efficiency is defined as the ratio of the ampere turns required by the gap to the total 

jpere turns required by the magnet. Since the ampere turns required by the gap are proportional to 

inductance with its primary in the magnet coil circuit. These signals may be compared by the 
thod outlined in the subsection, Basic Circuit, and their ratio, which is proportional to the viivloay, 

can “ee obtained. 
Other uses for this circuit will occur to the user as the information is required. For example, the 

flux density at various points in the pole and yoke can be determined by comparing the flux linking a 
coil placed around the region being investigated vith the flux linking a coil in the gap. 

Numerical Calculation of Potential off Mid-plane 

The nature of the field is important for some distance off the mid-plane, because the ion beam does 
not confine itself to this plane. There are several ways of determining the shape of the equipotentials 

nt . sos 

The potential off the mid-plane can be determined in principle oy aie tne accurate and 
detailed knowledge of the field in the mid-plane. These data may be used in the numerical procedure 
outlined below. The two-dimensional method employed is quite satisfactory, if the potential at points 
near the aaiiee of the magnet is not req el 

Th e in which the potential is és alculated is divided by equally spaced lines which are 
parallel & ike axes (see Fig. 1.38). The itsedetions of these lines form a mesh. The points in this 

mesh are indexed by two subscripts which specify the coordinates of the point; the index m specifies 
the distance from the mid-plane and the index n, the radial position. 

The potential in the mid-plane may be taken as zero, thus 

Von =0 

for all n, and the potential at unit distance off the mid-plane is clearly 

Vin= A
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where H, = field in the mid-plane at position 0,n measured in suitable units. It may be shown that the 
potentials for higher m may be written as 

Von= 4(H,) ~ (yy + Hy41) 

V3n = 17(Hp) — 8(Hy-1 + Hy) + yg + Haya) 

Van = 80(H,) ~ 49(H,_y + Hy, 1) + 12(H,_» + Hy,9) — (Hyg + Hi 43) 

V5,n = 401(H,) ~ 280(Hy-1 + Hyyy) + 97(Hp-2 + Hyy9) ~ 16(Hn-3 + Hyyg) + (pg + Bp yg) 
Ven= 2084(H,,) — 1569(H,_; + Aaa) + 672(H, _» + Hai?) — 161(H,_3 + Hay3) 

B 
+ 20(H,4 + H44) a (His + Haas) 

Ds 4321(H, 2 * Ansa) ~ 1320(H, 3 * #43) 
+ 241(H, 4 + Ha.) — 24(Hy.5 + Hyy5) + (Hyg + Has) 

Van = 11,073(H,) — 8752(H, 1 + Hy, 

It is clear from the coefficients which enter into the formulas for V,, , for large m that the data 
must be very good to justify calculating these potentials. This method might be useful in determining 
the potential of the steel surface in order to correct the shim shape or to determine whether the field 
is such that the ions are focused over the whole height of the beam. 

Adjusting Shim Near Edge 

The solution to the shim-edge and pole-side problem, given in Sec. 1.1 merely suggests a wear for 
be used. 

First, determine the field shape, then have steel removed below the region w! e the field is too 
high. Determine the field shape with the new shim shape. The difference nieeent oe two field-shape 
curves should then be graphed. The area A under this curve should corelate with the area a of steel 

where Hg = = see in the center of the gap 

alf-gap 
The value 0 K, is somewhat sensitive to the place where the steel is removed. The average value is 
about 0.6. 

If the steel is removed from a region whose radial width is small in comparison with the half-gap 
of the magnet, there is a corelation between the maximum amplitude of the field removed and the area 
of steel removed. 

4H a 

Ho = Kp s2 

value of K, depends on the place from which the steel is taken and averages 0.6. maximum 
alison in the field occurs approximately over the place from which the ‘Steel is aoe, and the 
reduction in the field extends about a half-gap either way from the maxi: 

.ccuracy in the field-shape measurements and in the shop work are >of g greal assistance in obtaining 
good values for the constants K, and Ko with small test cuts. 
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APPENDIX I 

SMALLEST ROOT OF QUADRATIC EQUATION 

Table 1.1 is designed to solve the equation 

ax? +bx+c =0 

Vp2 - _7bt a 4ac (155) 

for the root which has the smallest magnitude, when the condition 

ac 
A= b2 < 0.0500 (156) 

is satisfied. This root is difficult to determine, because the two terms in the numerator of Eq. 155 are 
approximately equal. Substituting Eq. 156 into 155 gives 

-@ 2d a VI - 44) (157) 

A series expansion of the radical in Eq. 157 gives 

~ Bera getsa+2e% +5084 40h 4 4205s... (158) 

This series was used to make the table, which is presumably not wrong by more than one in the last 
figure. 

VALUE OF FUNCTION {/x2 APPEARING IN SHIM-SHAPE CALCULATIONS 

The second table gives values of [£(x)]/x? x* which agi in the equation -— the potential of 
symmetric field which decreases linearly with increas: radius (see Eq. 3). The function ath has 
been computed for values of x from 0.08 to 500. The wor Ie from 0.08 ees} 1.00 were computed by 
the series, 

x _ 32x5 + 32 x 52x7 1 x 

“x ute 7 9 (159) an
 

and from 1.00 through 500 by the equation 

4 =4a (3x Vx2 41+ (1-2) sinh@! x] (160)
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Table 1.1—Smallest Root of Quadratic Equation* 

& 

A A>0 a<0 |a| 4>0 a<0 {al A>0 A<0 

0.0000 0.00000 -0.00000 0.0175 0.01814 -0.01691 0.0350 0.03769 -0.03275 
0.0005 0.00050 -0.00050 0.0180 0.01868 -0.01738 0.0355 0.03827 -0.03318 
0.0010 0.00100 -0.00100 0.0185 0.01922 -0.01785 0.0360 0.03885 0.03362 
0.0015 0.00151 -0.00150 0.0190 0.01976 -0.01832 0.0365 0.03944 -0.03406 
0.0020 0.00201 -0.00199 0.0195 0.02030 -0.01878 0.0370 0.04002 -0.03449 

0.0025 0.00252 0.00249 0.0200 0.02084 0.01924 0.0375 0.04061 —0.03493 
0.0030 0.00302 -0.00298 0.0205 0.02139 -0.01971 0.0380 0.04119 0.03536 
0.0035 0.00353 -0.00348 0.0210 0.02193 -0.02017 0.0385 0.04179 -0.03579 
0.0040 0.00403 -0.00397 0.0215 0.02248 -0.02063 0.0390 0.04237 -0.03622 
0.0045 0.00454 -0.00446 0.0220 0.02303 -0.02109 0.0395 0.04296 -0.03665 

0.0050 0.00505 -0.00495 0.0225 0.02357 -0.02154 0.0400 0.04356 -0.03709 
0.0055 0.00556 -0.00544 0.0230 0.02412 -0.02200 0.0405 0.04415 -0.03752 
0.0060 0.00607 0.00593 0.0235 0.02467 -0.02246 0.0410 0.04475 -0.03794 
0.0065 0.00659 -0.00642 0.0240 0.02522 -0.02292 0.0415 0.04535 -0.03837 
0.0070 0.00710  -0.00690 0.0245 0.02578 -0.02338 0.0420 0.04595 -0.03880 

0.0075 0.00762 -0.00739 0.0250 0.02634  -0.02383 0.0425 0.04654  -0.03922 
0.0080 0.00814 -0.00788 0.0255 0.02689 —0.02428 0.0430 0.04715 0.03966 
0.0085 0.00865 -0.00836 0.0260 0.02745 -0.02474 0.0435 0.04776 0.04008 
0.0090 0.00917  -0.00885 0.0265 0.02801 0.02519 0.0440 0.04836 -0.04051 
0.0095 0.00969 -0.00933 0.0270 0.02857 0.02564 0.0445 0.04897 -0.04094 

0.0100 0.01021 -0.00980 0.0275 0.02913 -0.02609 0.0450 0.04957 -0.04135 
0.0105 0.01073 -0.01029 0.0280 0.02969 -0.02645 0.0455 0.05018 -0.04178 
0.0110 0.01125 -0.01077 0.0285 0.03025 -0.02699 0.0460 0.05079 -0.04221 
0.0115 0.01178 -0.01125 0.0290 0.03082 -0.02744 0.0465 0.05139 -0.04262 
0.0120 0.01230 -0.01172 0.0295 0.03138 -0.02788 0.0470 0.05202 -0.04304 

0.0125 0.01283 -0.01220 0.0300 0.03195 -0.02833 0.0475 0.05263 -0.04346 
0.0130 0.01335 —0.01267 0.0305 0.03252  -0.02878 0.0480 0.05324 0.04388 
0.0135 0.01388 0.01315 0.0310 0.03308  -0.02922 0.0485 0.05386 0.04429 
0.0140 0.01441 -0.01363 0.0315 0.03366 -0.02965 0.0490 0.05448 -0.04472 
0.0145 0.01494 -0.01410 0.0320 0.03424 -0.03010 0.0495 0.05510 -0.04512 

0.0150 0.01547 -0.01457 0.0325 0.03481 -0.03054 0.0500 0.05573 -0.04555 
0.0155 0.01600 -0.01504 0.0330 0.03538 -0.03098 
0.0160 0.01653 -0.01551 0.0335 0.03596 -0.03143 
0.0165 0.01707 -0.01598 0.0340 0.03653 -0.03187 
0.0170 0.01761 -0.01645 0.0345 0.03711 -0.03231 

*In order to determine the smallest root of the quadratic equation, 

compute 

and determine g from the table. Then x = —(1 + g) ‘ is the root. 

ax? + bx+¢ =0
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Table 1.2—Value of Function £/x2 Appearing in Shim~-shape Calculations* 

x f/x x t/x? 

0.08 12.487 1.00 0.8403 
0.09 11.096 1.20 0.6448 
0.10 9.983 1.40 0.4979 
0.12 8.313 1.60 0.3819 
0.14 7.120 1.80 0.2869 
0.16 6.223 2.00 0.2071 
0.18 5.525 2.50 0.0501 
0.20 4.967 3.00 —0.0681 
0.25 3.958 4.00 0.2415 
0.30 3.284 5.00 —0.3682 
0.40 2.434 7.00 —0.5509 
0.50 1.918 10.00 0.7387 
0.60 1.568 15.00 0.9448 
0.70 1.314 20.00 —1.0914 
0.80 1.121 30.00 1.2956 
0.90 0.9663 40.00 —1.4401 
1,00 0.8403 60.00 —1.6433 

100.00 —1.8990 
150.00  -2.102 
200.00 —2.246 
300.00 —2.448 
500.00 —2.704 

*A table of values of the function 

=} 3x Vx2 4.14 (1 — 2x) sinh7! x
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APPENDIX II 

CALCULATION OF A THREE-DIMENSIONAL MAGNET 

Introduction 

ie method developed in the following pages may be used to calculate the field produced by a 
magnet which has a broad yoke, cylindrical poles, and is eee by thin coils which are close to the 
steel. It gives excellent results when the flux density is ‘oad 

and the yokes as infinite planes. The unit of length is the width of tl = 
Rotational symmetry about the axis r = etr reflection in the plan 

assumed. Thi site is similar to that found in many cyclotron magnets. The errors S imams 
by the assumption of infinite permeability depend on the magnet design. Tie assumption that the 
energizing coil is very thin i he steel surface is not very satisfactory in general. 

of calculation should be useful in preliminary work on the design of a magnet, mainly to 
t approximate value for the leak: ‘or or ns purpose, it is probably not any more satis- 

tion outside the gap is very simple, but for complicated cases, a procedure similar to that given be- 
low is to be preferred 

The procedure used is first to separate the variables in Laplace’s equation and obtain the follow- 
ing expressions for the scalar potential, one suitable for the region inside the gap, and the other 
suitable for the outside region. 

I oo 

Ve vole 3 + yy autora sin (rma)| 

me vo| Py B mos ) sin (*) (161) 

+ _ CmKo(§ 7) sin ém?)| 
m=1 

I 

where V = scalar magnetic potential in 
tt = scalar magnetic potential outeide gap 

Vo, Am Buy Cf m? Sy = are constants 
‘o(x) = oli ix) ~ Bessel function of imaginary argument 

Ho = iH! 1)(1x) ~ Hankel function of imaginary argument 

The second series in v does not vanish at the yoke and is used for developing the potential found at this 
surface. In principle a set of orthogonal functions can be developed for this purpose, but this has not 
been attempted here 

The coefficients By, are obtained by making a Fourier analysis of the known potential along the 
pole and the unknown pote ential across the aan atr= co This unknown potential is expressed in terms 
of the coefficients A, and one relation between the A,, and B,, is obtained. This makes the potential 
continuous at r =r, vO <z<1, The Saison that av/ar must | - continuous at this boundary gives 
another set of relations between the sets of coefficients A, d By. The By, are eliminated between hi 
these equations giving the following infinite set of equations in ih the “Infinite number of unknowns A,,,
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_ 

Apt > Np,m4m + Mp = 0 
mel (162) 
p=1,2,3... 

The Ap form a rapidly converging sequence of numbers in the geometries which are suitable 
cyclotrons, and ws set of equations is solved to a good app! ince = for a region near th 
corner of the pole, by using the first three equations in the trot thr . This, in principle, com- 
pletes the akon since the Ba can be obtained from one of the vein equations. 

In the following work, the problem, with any potential along the pole, but with the yoke at zero 
potential, is solved first. This solution is then modified to include any potential on the yoke. 

Yoke at Zero Potential 

By inspection, and by substituting in Laplace’s equation, it can be seen that the following equations 
satisfy the obvious boundary conditions and the differential equation 

r=ro I co 

Osz51 V =Volz+ > Amlo(™mr) sin (™mz) (163) 

m=1 

r21r9 0 ce 
0 Sz S29 = Va V=Vo > BmKo(™mar) sin (maz) (164) 

m=1 

where I,(x) = J,(ix) 
Ko o(%) = Bo ux 

i.e., the zero order Bessel and Hankel functions of an imaginary argument. The values of these functions 
at r = rg are required, and, therefore, the following notation is used (the Vg may be suppressed) 

I os 
Vy =|2+ m sin (7mz) | = (z + f) 

*o » ™ (165) 
where a), = mmA,Io(™mrp), and 

B16 oo mn? 
= m Vro x? om sin (™maz) 

m=1 

where by, = ™maB,,Kj(™marg) (166) 
_ Ko(tmarg) 

m ~ Ki(™mar 

K(x) = Hy ix) 

this notation is selected for later convenience. Since these two expressions must be identical when 

and the potential along the pole is given, 

v =9(z) (167)
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the coefficients b,, may be calculated by a Fourier analysis. 

1 
a -J f(z) sin (maz) dz fr sin (maz) dz 

(168) 
where p=$, 15 z SZ = 1/a 

Oszs1 

be immediately evaluated from boundary conditions at the 
male surface. It may be written for convenience as 

bnbn 
169) 

2mna2 (169) 

The first integral contains the unknown constants a,, and will be written 

m 

(170) 
n,m 

and the integration will be carried as far as possible. Using Eq. 165 in the first integral gives 

a 1 = 4 

d = f sin (™naz) > paasst sin (7mz)} dz (171) 

nm 0 m=1 

Interchanging the order of summation and integration, this becomes 

1 m ry 
= m i » = > 7 f sin (mnaz) sin (7mz) dz 

nym m=1 0 

and for any particular term in this series 

1 

X = =m sin (maz) sin (mz) dz (172) 
nm 0 

The result is thus 

= (-1)m 2m /(_sin nia 
CO" FP (aor a) (173) nm 

Equation 168 becomes 

| , (2ma2\ <= m 2m /_sin nwa 
ba=Par (7a) CO SP (iat at am) 

In order to proceed with the solution, the fact that the derivative of V with respect to r is continuous 
is used, Equations 163 and 164 give 

I 
I av 
Hy =- = > TMA] (7m) sin (7™mz) 

0 Vv (175) 
H, =- x = ™mmaB. K  (™mar) sin (1maz)
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where 14 (x) = -3,(ix) 

let 

I,(7mr 
Ie (176) 

Ig(™mrg) 

The two solutions must be continuous at rg. This gives, in the notation of Eqs. 165 and 166, 

<o ey 
> amYm Sin (mmz) = — > by sin (mnaz) (177) 

m=1 n=1 

where r=rp,0<z <1 

Now solve this equation for ay by a Fourier analysis. 

y 0 1 
_ apYp — > by f sin (mnaz) sin (mpz) dz (178) 

a n=1 0 

This integral is the one encountered in Eq. 172 and gives 

_ _2-1)Pp © sin (nta@) spp MEP D) On lal = pe (179) 
Many of the coefficients b, must be used to represent the solution outside, but only a few ap are re- 
quired to represent the solution inside (since the approximate solution is taken care of by V = he For 
this reason, it is best to eliminate the coefficients b, in Eq. 179 and get equations in ap For 
purpose, Eq. 174 may be used. 

_ 2(-1)Pp GA ,, _sin ma scye Pp rie ~. na 2sin2 mo 
O- ap’p + a 2 Ph bn (n2q@2 — p2) * Dy 1) am »y B,(n2a2 — m2)(n2a2 — p2) (180) 

n= n= 

For convenience, this equation may be written 

2 
0 = ap7¥p+PMp+ ) PNpxmam (181) 

m-1 

where 

2 ~ , Sin (mna) 

(7) ap »y Ph (n2a2 — pa) 

Nmm,p = Npym =(2) OP > ee Ph m,p ~ “p,m “\7, a By(n2a2 — m2)(n2a 

It is clear that Eq. 181 represents an infinite number of equations, and that there are infinitely many 
unknown: , in each. The problem is perfectly definite since the coefficients Mp an and Np, m may be 
determined ‘or each equation. m is fortunate that a li mited number of these equations, each with a 

(182) 

Consider now a particular form for pte) (eee. Ea. iis so oii? the M, may be determined 
explicitly. The potential rises linearly over a thin coil, provided the surface density of current is 
onstant. Therefore
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g=2z,052=1 
pak eet (183) 

eno 232529 

From Eqs. 168, 169, and 183, 

1 Z. Zz 2 1 2 ay 
by =ame* f z sin (mnaz) dz + f sin (nta@z) dz + f (2-3) sin (ntaz) dz (184) 

Bn 9 i z, \227 71 

Performing the indicated integrations gives 

bt a sin (mq) + 1 sin (z,7na) (185) 
n"TByn 22-24 1 

Putting this result in Eq. 182 gives 

u;, --2) (-1)P 2 . L sip! jena, ae (186) 

» (2 (-1)P sin (ma) sin (zy7a) 
My = ———____ i (187) 

( y 22- 2 yy Bnn(n2a2— p2) 

n=1 

-M ” where Mp = Mp + My . 

Methods for summing these slowly convergent series are required. The various series to be considered 
are given in Eqs. 182, 185, and 187. The Poisson summation formula may be written in a way which 
applies to this type of series. 

The Poisson niaadion formula is 

Y o@= DY foe 2ibtar (188) 
n=-e le-~ “= 

If ¢(n) is an even function and ¢(0) = 0 then 

Y ¢@=2 Yo) (189) 
N=-0o n=1 

The integral in Eq. 188 may be written 

J eee 2intat + Lf $(s)e~27ihsds (190) 

Now let s = —t; then ds = —dt and ¢(s) = ¢(-t) =¢(t), and Eq. 190 becomes 

J ” p(tyen2mihtat — f * blt)e2rihtae 
co 

Changing the limits on the last integral 

S ™ g(t)(e2tiht , e~2mihtyat = 2 J pit) cos (2mht) dt (191) 

This result is now independent of whether ¢(n) is an even function or not.
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The tion f la becomes from Eqs. 189 and 191 

ES 2 oo 
> $(n) = > f (t) cos (2mht) dt (192) 
n=1 h=-0 9 

provided 

9(0) =0 

It may be more convenient to use the formula in the form 

by ¢(n) “f o(t)dt + 2 » L d(t) cos (2mht) dt (193) 

If the condition ¢(0) = 0 is not satisfied, then the left-hand side of Eq. 193 may be replaced by 

1 eS 

5910) + » #(n) (194) 
n= 

The series to be summed may now be written in the form 

_ 1 xa 2 sin2 Tax) cos (2mhx) 

pm=(2) capem Sy S BO) (a2 — m2(x2o2— pa (196) 

’ 2\2 ~ 1 sin? (max) cos (27hx) 
=(—) (-1)P Mp (2) (-1). aS Be) xG2a2 = pty) dx (196) 

. _(2 2 (-1)P ° 1 sin (tax) sin (wa2z4x) cos (27hx) | 
My -{ ) Baa) > J ats) la? Py a (197) 

The pen FA /|e%)] in these integrals makes them quite complicated. Since the 1/8, are close to one 
for oe nsidered here and rapidly approach one as n increases, the series may be 

med a ng By = ae then correcting a few terms in each series. The following expressions 
are tener ot the bn 

Pd _ (2% Y * xa2 sin2 (max) cos (27hx) 
Np,m oh yom DS (x“a4 — m4)(x“a4 — p*) as (198) 

»-(2) (41)P > i sin2 ee cos Sor) ax (199) 

Pp e sin (7ax) sin (tax) cos (2mhx) 
-@ = aaaplF 2y cy) > J x(x2a2 — p2) ax (200) 

The general form of the integral to be considered is 

in (Tay) sin (TaBy) cos (2h r= a2 f Dein Gay) sin ofy) cos (2nhy) 4 201 
a0 (y2a® = m2)(y2a2 — pr) 7 ie) 

Putting x = ay the integral takes the form, 

ls J x sin — pn mie gos larevens ax (202)
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Denoting h/a =, the problem is reduced to the evaluation of the integral 

I- “f x sin (7x) sin le cos (2myx) 

(x2 — p2)(x2 — 2) 

The integral may be broken up into a sum of simple integrals by partial fractions, 

x 1 ( 1 1 1 =) 

(x2 — p2)(x2 - q2) ~ 2(p2-q2)\x-p*x+p x-q x44 

and 

sin (7x) sin (78x) cos (27yx) = [cos (8 —1— 2y) mx + cos (8 — 1 + 2y) mx 

— cos (8 + 1— 2y) mx— cos (8 + 1 + 2y) 7™!| 

Of the 16 resulting integrals, choose a typical one, 

Lf cos (77x) dx af 2 (nax)al n(x + m)| 
0 x+m “4 nm(x + m) 

cos [n(x +m) — nm] = cos n7™m cos nn(x + m) + sin n7m sin n(x + m) 

let y = n7(x + m), and the integral becomes 

cos y dy dy sin aa dy 

~y 
cos (mm f + sin mmf 

7m 

and these are defined integrals 

— cos 77mm Ci nm — sin n7m Si ™mn 

— cos nm Ci nm — sin n7™m Si ™mn + sin n7m 

where Ci is the cosine integral and Si the sine integral. 
Since the whole integral will contain 32 terms, it will be wise to do a pair of terms. 

(= mr) cos 17x 
&(p2 — q2) was, (( x+m + (S88) ax 

— cos (n7m) Ci (n7m) — sin (n7m) Si (ntm) + 3 sin (n7™m) 
1 

= B(p2 — a2 
8(p*— 4°) _ cos (—tm) Ci (nm) — sin (—n7m) Si (-77m) +5 sin (-7™m) 

1 
= Ap? — a2) [cos (nm) Ci (n7m) + sin (n7m) Si (77m) 

Since there are eight terms of the above form, denote this bracket by +¥(j7m). Thus the above 
integral is 

(203) 

(204) 

(205) 

(206) 

(207) 

(208) 

(209) 

(210) 

(211) 

(212)
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-1 
a@l—@ Y¥(n7™m) (213) 

Note that Y(—x) = Y(x). Thus the integral, I, may be written, in general, as 

I= aa —@2) [¥(6 - 1 - 2y)mp — ¥(6 — 1 - 2y)mq 

+ ¥(8—1 + 2y)mp— ¥(B— 1 + 2y)mp 
— ¥(8 +1-2y)mp + ¥(B + 1— 2y)1q 
~ ¥(B + 1+ 2y)mp + ¥(8 + 1 + 2y)nq] (214) 

Expanding this expression gives, provided that p and q are integers, 

I= Ww = qi (eos (8 + 1 ~ 2y)mp [Ci(e - 1 ~ 2y)mp — Ci(B + 1 ~ 2y)mp] 
+ sin (8 + 1 — 2y)mp [Si(8 — 1 — 2y)mp — Si(8 + 1 - 2y)mp] 
+ cos (8 + 1 + 2y)mp [Ci(8 — 1 + 2y)mp — Ci(8 + 1 + 2y)mp] 
+ sin (8 + 1 + 2y)mp [Si(8 — 1 + 2y)mp — Si(8 + 1 + 2y)mp] 

cos (6 +1 mq [Ci(B — 1 — 2y)mq — Ci(8 + 1 — 2y)7q] 

— sin (8 + 1 — 2y)aq [Si(8 — 1 - 2y)7q — Si(8 + 1 — 2y)nq] 
— cos (8 + 1 + 2y)mq [Ci(B — 1 + 2y)7q — Ci(8 + 1 + 2y)7q] 
— sin (8 + 1 + 2y)mq [Si(8 — 1 + 2y)™q — Si(8 +1+ 2y)1q)} (215) 

If B, 2y, p and q are integers, the sine terms drop out and the integral becomes 

-1 
=a @) {cos (6 + 1 + 2y)p [Ci(6 — 1 — 2y)mp — Ci(8 + 1 — 2y)ap 

+ Ci(B — 1+ 2y)mp — Cis + 1 + 2y)mp] 
— cos (8 + 1 + 2y)mq [Ci(6 — 1 — 2y)7q — Ci(B + 1 - 2y)aq 

+ Ci(8 — 1 + 2y)mq — Ci(8 + 1 + 2y)mq]} (216) 

The cosine terms in the above expression are either +1 or —1, depending on the argument. If one wishes 
to evaluate these expressions when p, q, y, or 8 — 1 goes to zero, it is, in general, necessary to take 
the limit as the appropriate variable or variables vanish. 

There exist semiconvergent series for Si and Ci which are convenient for large arguments. These 
arex >7 

i 1 

cia) = 8% (1-3 4-8 ) 
x x* x x (217) 

cos x(4_ 51 7! ) 
——x \x 7 x8 4x57 Tt 

cos x 2! 4! 6! 
Si(x) = (:-3+4-%+ ) 

~tigs (Le 51a ) (218) 
x x * x x 

For convenience, denote these by the following expressions: 

Ci(x) = SA yyay - 225. yon (219) 

Si(x) = - £28. yay - 2. ©) yin) (220)
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These expressions may be put in the equation for the function Y (see Eq. 213). 

Y(n7m) = cos (n7m) Ci(y7m) + sin (n7m) Si(n7m) 

giving 
3 2: : . 2 

¥(x) = £05 (2) sin (x) U(x) _ cos” (x) V(x) _ sin (x) cos (x) UGX) _ sin? (*) VO) | 7 cin x 
x x x x 2 

or 

= YO, sin x =A (1-9 -... aE t ¥(x) == —4+ 3 sin x x2 ( x2 ta .) +5 sinx (221) 

his may be used in Eq. 214, if x > 7. If p and q are integers, the areessicn can be greatly simplified. 
ener Ae aterm similar to the first st the fifth terms of Eq. 214 

- Yat VOr + Qn) _ 7 oi. Wx + 2am) _ Vix) Y¥(x) — Y¥(x + 2n7) = +5 sin x + a ant g sinx =-— = OAT x (222) 

Thus, Eq. 203 may be expressed to this approximation by x > 7, p and q integers, and taking only the 
first term in the V series (which is equivalent to taking three terms in the Si and Ci series). 

[404 ~ ay? (62 + 1) - (62-12 28 I=-—_— 
p2g2n2 [1674 — By? (82 + 1) + (82 - 1)2]2 

(223) 

Consider now Np,p" From Eq. 198 this may be written 

Np,p = -(2 y D iz xa2 ae ore 3 (27hx) 4, (224) 

This is in the form of Eq. 203, if y = h/a, 8 = 1, andq ~ p. 

he integrals are therefore given by Eq. 214. Substituting q = p gives zero; therefore, let q 
approach p. Therefore, take the derivative of the numerator of Eq. 214 with respect to q, divide by 
the derivative of the denominator with respect to q, and let q approach p. The derivative of the 
numerator is 

[+e — 1- 2y)a [-sin (8 — 1 — 2y)1q Ci(8 — 1 — 2y)7q + cos (8 — 1 — 2y)mq Si(8 — 1 -2y)mq] - 

+B - 1 + 2y)m [—sin (8 — 1+ 2y)7q Ci(8 — 1 + 2y)mq + cos (8 — 1 + 2y)mq Si(B — 1 + 2y)tq] - A 
1 (225) 

+(8 + 1- 2y)m [—sin (6 + 1 — 2y)mq Ci(B + 1 — 2y)mq + cos (8 + 1 — 2y)mq Si(B + 1 — 2y)tq] += 

+(B + 14 2y)m [—sin (6 + 1 + 2y)7q Ci(8 + 1 + 2y)mq + cos (8 + 1+ 2y)mq Si(6 + 1 + 2y)7q] ay 

Now let 8 = 1. 

4ny (sin 2ryq Ci 27+>q — cos 2ryq Si amy 

+ Ay — 1)m [-sin 2(y — 1)1q Ci 2(y — 1)7q + cos 2(y — 1)7q Si 2(y — 1)7q] 
+ Ay + 1)7 [sin 2(y + 1)mq Ci Ay + 1)7q + cos Ay + 1)7q Si Ay + 1)7q] (226)
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The derivative of the denominator is 

a[- i = 9) «bq (227) 

Thus the value of I when § = 1 andq — pis 

t= 3 {2y (sin 2nyp Ci 2nyp — cos 2ayp Si 2ryp) 

—sin 2ryp [(y — 1) Ci 2(y — 1)mp + (y + 1) Ci 2y + 1)mp] 
+cos 2myp [(y — 1) Si Ay — 1)mp + (y + 1) Si Ay + 1)7p]} (228) 

The value of Np, p from Eqs. 224 and 228 is 

= 25; 2 S ah|_. 2h h h \o(, h 
P Np p= + 7 Si (27p) +> > sherevo(ns r) cos (2x ® p)si(2n 2 ») 

= 2n— -1)Ci a(2-1)x uy 1) ci (2 i) sin 7 p(B i B+, + es P 

+ cos an 5 l(2 s a(5- i a) (229) 

e of the s for Si and Ci. This gives a cor- 
which is etnies small whenever the camieonsergent series is valid, and this evalua- 

tion is, therefore, of no use. The lower limit of the argument for which the simconvergent series is 
when 

> 

This equation can b 
rection term 

useful may be set at 47. Thus, no correction (<0.1 per cent) will be encountered 

m(2 - 1) 22 
a 

For all values of @ up to 1/3 

Nyptty 2 si 2np (230) 

Consider now Np ym given in Eq. 199, when p # m. The integrals are in the form of Eq. 203, if B = 1 
and y = h/a. Thus 

, « 
Rpm = Geum Yt (231) 

Putting 8 = 1 and y = h/a in Eq. 215 gives 

=~ BPMs [eos an Bp [a.ci ar ® p-ci a(%—1)ap- Ci 2 Bet)e mp] 

+sin 2% p[2sizr2 p—si a(t - 1) mp - Si 2 * + 1)s] 

~ cos an # q [2 ci ar 2 q— ci 2(2 ~ 1) rq— Cci2 2 +1) rq] 

h h h _o(h is ~ sin 2n = q [281 an 2 q-si 2(2-1) 1q-Si 2(2 + )ra}} (232)
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In order to determine the form of the term where h = 0, let h = € and let « ~ 0. The resulting equation 
for the brackets above is 

|. (201 BP e- 2.01 49 ¢~2ci anp + 21 2ra) (233) 

€-0 

Using the formula 

Ci x —C + log (x) (234) 

if x — 0, for the cosine integral of a small argument, Eq. 233 becomes 

2|tog © ®) _ oj amp + Ci ara] (235) 

As in the previous terms, Nn, m» the series h # 0 gives a negligible contribution when a is not greater 
than ( <1 per cent). Thus” 

4 2(-1)P+4 
Np,q = a [toe (p) _ Ci 2mp + Ci arq| (236) 

When p = 2 and q = 2, the semiconvergent series (Eq. 219) may be used for the cosine integrals, 

(—1) P+. Np = -2(-1)P+4 p oe 

Ped” 72(q2 — p2) toe(8 )« anpeg (237) 

And here the last term may be dropped in working to 1 per cent in this cross-term coefficient. 
Consider next the term M"p. This is given by 

w, -—_(2¥ yp ¥ Mp tal yp yi (238) 
h=-co 

h 
y=g 4-0 Baa 

The value of I may be deduced from Eq. 215 by letting q = € — 0, using Eq. 234, 

-1 2h .! 2h 2h 
wy =2 a =0) = a cos(2 + 1-2) =p|ci(—1- 24) xp - ci(e +1 - 24) mp| 

+sin o+1- 2p o[s i(o- 1-28) mp si(a+1-2)ap| 

+cos(p +14 22) aps ci(e-1 +28) sp- cil +1+2)a] 

h 2h 2 
+ sin(o+1 + ?)ap|ss(6 si(6 1+ 2 )ap—si(o+1 +) xp] 

2 
(2) + (8412 

+ lo “(°F 6 @— 02 

&
 

(239) 

The value of I when h = 0 is thus 

My=0 q=0)= ip? feos (8 + 1)mp [Ci(2 - 1)xp ~ Ci(e + 1) 

+ sin (8 + 1)mp [Si(6 ~ 1) tp - Si(8 + 1)mp] + log G * | (240) 



TID-454 57 

Expansion of the Ci and Si in the Sa, aueceere, series (valid when ~2h/a = 4 + 8) indicates that the 

zero term is sufficient (~1 per cent). Ther 

pM"y= alt 1? e (cs (8 + 1)mp [Ci(s — 1) ap - Cu(B + 1) tp] 

+ sin (8 + 1)mp “ ~ 1)mp — Si(6 + 1)mp] + log (5 + i). w) (241) 
B 

2 a(2P-@+a? 
we Sf 

- a2? _~@-p2 oS - (8-1) 

The coefficient Mp may be simply derived from the above by changing the factor outside and letting 

pM, --(2F orb C + log (2p) - Ci(2mp) +) Jo “(G") (242) 
h=1 

where C = Eulers constant. 
This completes the solution when the potential along the yoke is zero. It is seen that an approximate 

solution is not difficult to obtain since the leading terms in the uncorrected coefficients Qn, » Ny m 
7 

M)) are simple tabulated functions. 

Yoke with Known Potential V = V(r) 

By a procedure similar to that used above, it is possible to analyze any potential along the yoke. 
In this case, a more general potential function is required outside the gap. 

> Bank (Ge *) sin()* > Heo ("EE") sin( 2") (243) 
= s 2 m=1 

The values of the B,, are determined by a Fourier analysis of the potential at r = To: 

Qe 
SS Beko ( 720) sin(™2)-— J ugk o TPO) sin MSH (244) 

22 22 Zz z 
m=1 s 

(See Eqs. 165 and 168.) Using the previous notation 

bnBn 

2ma2 
Voy 72 22 1 

Dy — f sin (agaz) sin (maz) dz «f ¢ sin (maz) dz +f f sin (mnaz) dz (245) 
S 27s Jo 0 0 

where as before (a = 1/z9) and 

Ko(™,0r9) _ = ovis’ *o [’s = amngh Ky (Mmser9)] [« 8 “Ki (™m,arq) 

These expressions are readily integrated to give 

m=1 

_ _2na? ~ m(_sinnta \_ 2 Gg n2(-1)R sin 7 7, bn = Dh +5 a > Aa (4) (Sar) 2 » see a (a=) (246)
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where by, are the coefficients of the potential function which exists along the pole plus the first term of 
the = series, as be! 

efore, it is necessary to use the continuity of Hy at r = rg (0 < z < 1) to get a second set of 
equations relating the a, and b,,. 

ES 

H.=-—=- > ™m Ay] (7mr) sin (1mz) 

m=1 

ate 

a) B,,K,(tmar) sin (Tmaz) +) K, (mga) si 247 ri ope , mma B,,K,(™mar) sin (tmaz) + 2 MgO sKy(t™,ar) sin (™m,o:2) (247) 
m= 

Equating these values at r = rg and using the new notation gives 

eo eS 

= > AmYm Sin (™mz) = > by sin (mnaz) + >> vgsin (1,02) (248) 
m=1 n=1 s 

Now solve for a by a Fourier analysis. 

vy 2 1 1 
- ae a > ba f sin (naz) sin (mpz) dz + > vs f sin (™mgaz) sin (pz) dz (249) 

n=1 0 s 0 

Integrating gives 

sin 17s 
“app DMZ? GAT pH + Dy MZ HCUP Gyros; (250) 

n 

Putting the previous result for b, into this set gives a set of equations for the ap 

2 , Sin ma 
0 = apyy +> PC-1)P 2 Pn (aad = pd) 

2 . no2 sin n7za 2 = —1)m 
(7 amp ir 5 Gat >» am(CY™ (2a? — m2) 

2) S\ n2(-1)9 _ sin ana o, sin 11, 
-(=) pcp a (ata? — p2) y % 2 

7 y By (n®ox p*) s Ns (ng — n2) 

2 sin 77 c@ 

+= p(-l)P > Us (n2a2 — p2) (251) 
s 

Which is written, for convenience, 

O=ayrp+PMy+ YY PNpmam+P ) Qp,s+Rp,s) (252) 
m=1 s 

where 

2 , _Sin ma My = 2 )P > Oy (oder
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2 sin tsa _ 
z (-1)P vy (72a2 — p2) = pa) Qp,s 

2 2 / 9 __ (2). n“(-1)"\ (vgog\ _sin mna ™s 

Rs * 2) cup » ( Ba ) (ts 8) ary a (2 = n2) (253) 

2 sin? mo —1)(P+m) no* 
Np,m = Nm,p -(? y C1) Dy Ba (n2a2— p2)(n2a2— m2) 

me hae erence or me and Np,m are formally what they were before, the Mp depending only on the 

in may he detained for a particular function ¢. Let 

=z r=rg 0<z<=1 
g=1 r=rg ls2z=29 (254) 

That is, the potential over the pole is Vg. This is a special case of the previous problem, Eq. 183, 
wher 2° In o evaluate Eq. 185 for z = Zo, take the ratio of the derivative of the 
mamnaralee to the derivative of the denominator, 

H — (-1)R bp = a "4 [sin (nta@) — (-1)®7na] (255) 

Clearly, the Mp are the same as in Eq. 186. The Mp, however, become 

2 co 
2 (-1)9 ma sin nta mM’ =-(+) (-1)P po-(F) ow 3 Sees cs 

n=1 

which can be written 

2 oo 
is 2 ma sin nt(a + 1) 

M” =- (2) (-1)P “a (na? — pe) p iz A Bal Pp) (257) 

By the summation formula, this becomes 

-1)P ma sin 1(a@ + 7 0s 5 BEI ax ae-(2 J (1) 2 i arn i (258) 

and the approximate solution is y = ax and B~1. 

eo 7 Sint y cos 27—y 

3-7 (2 y (ap = 5, sans rome = (259) 

The Qp,s require no summation. The Rp, gs become 

- _1)P (¥s%s 2 (-1)n2 Rp,s =+ ¢ y (-1) (st ) sin ™s by a Ba (ata ayitat = ma?) (260) 

Without the 8,, and using the summation formula, this becomes 

= 2\2 Vg0, S\ ¢* «2x2 sin mx(a + 1) cos 27hx = (4) -P(289s) si Rp,s = (2) (-1) ( is ) sin ™7gs ZA (a 2x2 = p2)(a2x2 — 1202) dx (261) 
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Let aNs = bs and y = ax. 

2 +1 h 
ey” sin r( y cos 27 av 

R, -(? y (-1)P(_S"s Ys =) sin 77. di (262) 
mer s zd, (y? - Png? ~ 82) ° 

The integral is of the form 

(So eer y sin wey sina y cos ary 
LL an dy (263) 

= (v2 - p2y(y2 — ¢2) 

Letting u = ey 
<o (2. + 1) h 

u sin mu sin 7 u cos 27 —u x f rm ae 
0 

di 264) ao “ € € 

This procedure seems quite questionable. Therefore, go back to the previous expression and let 

(3!) a 
h 

2 v sina v sin Tv cos 27 L, =x 1) i: [a “ce 2 [a ey — ices) ayy dv (266) 

This gives Ry s as 

R..= 22 (cP 480s) sin A+ +a 
ps =z, a5) 0 ™s 

5 |e 
€ 

h=-00 
123) enfolcta)y +1) f v sin| 

7 dv (267) 
a) [v- (a + > spel -(a + 1278] 

The integral is in the form of Eq. 202 and gives for each h 

1 _oh _ (a +1)p _ 
rile as grey] ——— a=(a+1)n, (268) 

B-0 

Using the value of I from Eq. 214 shows that the terms vanish in pairs. A typical pair is 

-¥(8 — 1 — 2y)mq + ¥(B + 1 + 2y)mq (269) 

since Y(-x) = Y(x) (see Eq. 213). This expression vanishes when 8 = 0. Thus, the contribution of this 
pair of terms to 2 Iis 

Tea [. 7 [-xe —1-2y)nq 4+ ¥(B +14 2y)na| (270) 
B70 

Now evaluate
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Sp Y8 — 1 ~ Dyna + VOB + 1+ 2rd] 

= a [-cos (8 — 1 — 2y)mq Ci(B — 1 — 2y)7q 

—sin (8 — 1 — 2y)mq Si(8 — 1 - 2y)nq 

—cos (8 — 1 — 2y)mq Si(8 — 1 — 2y)1q 
—sin (8 + 1 + 2y)7q Ci(8 + 1 + 2y)7q 
+cos (8 + 1 + 2y)1q Si(8 + ‘ + 2y)1q] 1q 

_cos? (8-1 - 2y)nq _ sin? norte 2y)nq 
—1- 2y)1q ~ 2y)mq 

2082 f +14 za , sin? ey +14 24] 14 

(B +1 + 2y)mq (8B +1 + 2y)mq 
= [sin (8 - i — 2y)mq Ci(B — 1 — 2y)mq — cos (8 — 1 -2y)mq Si(B — 1 — 2y)7a 
— sin (8 + 1 + 2y)1q Ci(B + 1 + 2y)7q + cos (8 + 1 + 2y)mq Si(B + 1 + 2y)Tq]7q 

+ 

+]- 

Gsm aim 

Thus the contribution of this pair of terms is 

ol. |_ . a2 — m2) 2nq sin (1 + 2y) Ci(1 + 2y)7q 

+ 2mq cos (1 + 2y)mq Si(1 + 2y)7q + in | 

which may be written 

1 
2q2 — m2(1 + 2y) [(1 + 2y)1q 2(1 + 2y)mq + 1) 

where 

Z(x) = cos x Six—sin x Cix 

The whole integral can be written 

1 1 1 1 Lae m, @) = Bam [ma 20 + Bye + A — am 2d + 2) - pA 
rq 2 ~bea ge om 201m 

which reduces to 

ae m2) {qlZ(1 + 2y)mq + Z(1 — 2y)nq] — m[Z(1 + 2y)7m + Z(1 — 2y)nm]} 

These results give for Rp,s 

= . 1: ~ 
Rys= -(? y cap( sts) sin ™s 733 2. are a [hs [2 [(+3 

+Z [(: “7 | aa + vnel|-2 [a[(+ 22 a)ma + ve] + 2|(1 = 

2», ma + tng] 

i 2) (a +1) All 

(271) 

(272) 

(273) 

(274) 

(275) 

(276)
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which may be written 

R PS Be fa car(*s2s) sin Ms ee i. [es {2[ang(1 +Q+ 2h)] 

+ Z[ang (1 +a — 2h} ~ p{z [p2 va +an]+z[r2 a ra- }}| (278) 

This may also be written 

Rps - y cae( Yes ) sin ™s = —g2 al pe[r® Pas a)| - 8, Z[mg (1 + a) 

2% bl {afr 2 (1 +42] +2[r2 1 +a —2n)]] 

-85 [Z[™Mg (1 + @ + 2h)] + Z[nng (1 + a — 2h)] i] (279) 

Now evaluate the My in a similar way. 

_ 22 ¥ = x sin(2 *4) 5 cos ary 

ao ) cup J (y2 — p2) “ ee) 
a+1 

Let x -( a )y. 

2h _ (a +a sin 7x cos @+a)* 
pe-(2 y (-1)P P? i rac pe (281) 

hase E <a 

This may be written in the form of Eq. 202. 

2th 
2 es o X sin 78x sin 7x cos ———| 

m --(2) cayp(2tt > |. 4 G@+a)* (282) Pp 7 a B 2_ (a+ 1)2p2 2 
h=-0 8-5 0 [xe Sg x -q?) 

Using the previous results (see the determination of R) gives 

Mp = -(? Jem (22 - ‘), yy oer [aZ(1 + 2y)nq + gZ(1 - 2y)nq 

—mZ(1 + 2y)mm — mZ(1—- 2y)tm] = (283) 

where m = (a + Up 
a 

h 

Yeaei 

In order to find the lim q ~ 0, consider 

qZkq = q (cos 7kq — sin 7kq Cizkq) L. qZ(7kq) = mkq2 — q(C + In 7kq) = -q’in mkq ~ 0 (284) 
q=
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Thus, 

eT a+1 (a +1)p _ _2h \(@ +1)p 
uP ) (etm), > ater 7) +23 (1 7) a 

or 

Mt = 2) ) (-yP s [za +14 2h) By z(a +1 - 2h) 2 (285) 
h=-o 

Conclusion 

This concludes the analysis for the field due to cylindrical poles magnetized by thin coils so that 
a known potential distribution is present over the pole sides and the yoke surfaces. 

Enough numerical work has been done with this material (by George Hinman) to show that it gives 

reasonable results. The labor involved indicates that the application of a“ work, if any, should be in 
fields other than magnet design. In principle, this work could be extended by the methods described in 
the subsections, Square Equipotential and Poles Obtained by Superposition, of Sec. 1.1.
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APPENDIX Ill 

POLE TIP WITH COIL AND YOKE 

It has been assumed in Sec. 1.1 that the influence of the coil and the yoke could be approximately 
neglected, in studying pole tips. This is not too serious in magnets of the type now constructed, but 
in much larger machines it would be desirable to bring the coil much closer to the gap. The purpose 
of the following remarks is merely to indicate that a two-dimensional analysis of such pole tips 
quite feasible. 

The imaginary part of the function 

1 =5 tog (i + 5 += et2/ 5) (: + 2672/ ‘)| (286) 

gives the field developed by a pole which is four half-gaps high and which is excited by a single wire 
lying on the yoke. The constants are so chosen that the pole comes ne out of the yoke as far 
is possible and then becomes asymptotic to the nominal half-gap. Figure 1.40 is an accurate atch of 
the V = 1 an = 0 equipotentials for the imaginary part of Eq. 1 

The aad - the mid-plane is 

2e™/5 (1 + eTX/5) 

~ (3 + eT9/5) (1 + 267%/5) cai 

This field shape is far from satisfactory and would require alteration of the type discussed in the sub- 
section, Poles Obtained by Superposition, Sec. 1.1.
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APPENDIX IV 

SEARCH COILS TO MEASURE FIELD AT A POINT 

Design of Search Coils, Introduction 

Pick-up coils or search aa are used for various purposes, to measure magnetic potential dif- 
ference, to measure total flux linking some contour, to measure the field at a point, etc 

turns-area, and the resistance. For example, for the measurement of potential difference, a long coil 
(wound on a threaded form if high accuracy is required), as small in diameter as possible, is used. 
Apart from physical limitations of size, the limiting diameter is determined by the turns-area and 
conductance which the coil must have. 

The coils considered below are designed to measure the field at a point. The difficulty encoun- 
tered is similar to that encountered with a potential ranleaecap coil, The ideal coil is so small that no 
appreciable variation in the field occurs across it. How , the turns-area and conductance required 
may make it necessary to build larger coils. Under iors poe mstances careful consideration of the 
geometry of the coil is required. Also enes variation in coil resistance with temperature introduces 
errors, it may be desirable to use mariganini or some similar conductor in the coils. 

Two types of coils are considered, the first, which is capable of greater precision, is wound in 
conical grooves cut in a sphere. It is difficult to construct, but two such coils 0.64 in. in diameter 
have been bui 

he second type of coil is simply a spool, with suitable dimensions, which is wound with wire. It 
is clearly much more easily constructed. 

A table of the first associated Legendre polynomials, which is useful in designing search coils, is 
given at the end of this appendix. 

An Accurate Search Coil to Measure the Field at a Point 

en no sources are present in a sphere of radius c, the radial component of the field within the 
sphere may be written with sufficient generality for the present purpose. 

a m-1 
Hp= DY Am (2) Pin (Cos 8) (288) 

where A,, = set of constants depending on the field 
= radial variable (spherical coordinates) 

P,, = Legendre functions 
Bie polar-angle variable 

Clearly the field along the polar axis at the origin is Ay. If the pick-up coil detects other coefficients, 
it does not accurately measure the field at the center. 

he flux passing through a loop of wire lying in a sphere of radius b< c at an angle a is 

2. m-1 pa = 2m b2 b o=2nn2 }\ Am(2) J, sin 6 P,,, (cos 6)d (289) 
m=1 

The indicated integration gives 

2 1 
* o-2b? SY A, @) aay Ph, (cos a) (290) 

m=1
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In order to eliminate the coefficients of Ag, Ay, ... the pick-up coil may be made symmetrical 
about the equatorial plane. The flux linkage for such : cr arrangement may be written 

A 
(2m + 1)\c = 2 ENED oe te 1 Wy, =47nb 2, am +1)(@m +2) 2 o Plom + 1) (cos a) (291) 

where n = number of turns in each of the two coils. With p such pairs of coils the linkage is 

P Aa: 1 (ay © m + 1)\ce 

W=4n > ny ue > eax int +2) sina; i Plom +1) (cos aj) (292) 

is m=0 

The first term of this series gives the turns-area of the arrangement (times the field, Ay), 

Pp 

lon > Aynjb? sin? a; (293) 

i=l 

The particular case where p = 2 will now be considered in some detail. There are four variables 
of interest, 

bo _ ne. Tas ap N Q, ag (294) 

By appropriate adjustment of these parameters it should be possible to cause the coefficients of Ag, 

Ay, Ay and Ag in Eq. 292 to vanish. These coefficients are (with a factor Wiis HG 
™M(2m + 1)(2m + 2) 

suppressed) 

M
r
 

ny bt sin a; P3 (cos a) 

isl 

2 
> ny vf sin a; pi (cos a) 

isl (295) 

2 

> ny vf sin a; ph (cos aj) 

i=1 

2 

> nh pt? sin a; ph (cos a4) 

respectively. The analytic approach to this problem involves equations of a high order; thus a numeri- 
c ed. It is unfortunate that no set of the parameters of Eq. 294 exists, which causes 

the members of 2.8 to vanish simultaneously. Since there are four parameters, the first three 
members of Eq. 295 may be made to vane in many ways. 

A very desirable solution is to have no/n, = N a simple rational number. Such a solution certainly 
exists but has not been found. There are ‘fo designs, which are easy to determine, and these are given 

low. 
Ph (cos 6) = 0 has roots at @ = 53.72 and 77.92 deg. The signs of P}, Pl, and Pj are different at 

these angles, thus the coefficients of Ag and As (see Eqs. 295) can be eliminated, and the coefficient v7 
Ag will be “‘small.’’ This solution is . 

a, =53.72° 78° - 1.800 
b54° (296) 

ay=77.92° "54° = 16.33 
n7g° 

This is not a good coil for most purposes, since the coil with the greater number of turns has the 
smaller radius.
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The other arrangement which is simple to calculate gives a good design. It has coils placed at the 
roots of Pl. At the angles where ph vanishes, arc cos x, and arc cos xg, then 

d 
ax Ps (mp) = 0 

In the recursion relation, 

a -4 P = (2) 1) P Pet ) ~ & Pr) = (2m +1) Py Co) 

Equation 297 gives 

d d d 
9P4 (x,) Pe Ps (x,) -& Pg (x,) nas P3 (xp) 

d _d P d 
13Pg (Xp) = ax Pt (xp) ax P5 (x,) = ax Pa (x,) 

Another recursion relation is 

m( 1) 
tam 2) Pmt © ~ Pings ©] 

d 
(1- x4) ax Pm @) = 

in which Eq. 297 gives 

Pg (X) = Pg (x) 

Equations 299 and 301 give 

d 9d 
ax P3 On) =~ Toa Pt) 

a-x3 4p, @) --Sa-SP, @,) 

which is identical with 

(1-2)1/2 ph (x) =- 3 (1- x4) Ph x) 

(297) 

(298) 

(299) 

(300) 

(301) 

(302) 

This is true clearly for both values of Ay X and Xo, where pi (x) vanishes. From Eq. 302 and the 
condition that the first three expressions of Eq. 295 should vanish, the ratio of the radii of the coils 

e is found to 

(= xB)1/? Ph (xg) (1 x9)/? Ph oxy) 
Bi = . = 

(1-x2)1/2 pl (xs) (1 - x3)1/2 Pl (xp) 
1 

The ratio of the number of turns from the same information is 

(303)
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ing 17 xD? Ph Oy) __ xp)? Ph ay) = 22. + (304) 
my (a= x9)/2 pl (xy) (1 — x)172 Pl (xs) 

The numerical data are 

B=2221 ="2_ 1.4660 --1+2¥4 
1 ny 1-27 (305) 

1 2 
61 = 40.09 deg Og = 13.43 deg cos? 9 = 3(2 + 7a) 

Such a coil has been constructed, but it is very difficult to check its accuracy experimentally. The 
errors have therefore been estimated by integrating the flux linkages over a coil of width 25, centered 
at 40.09 deg and another of width No/ny 254 centered at 73.43 deg. This coil is illustrated in Fig. 1.41. 
Only the leading term was kept, and each was divided by the coefficient of Ay and by Ay. The results 

re 

E,=1 2 
= A3(b1 Eg = 0.2 x3(2) 83 

= 4 52 Es = 0.002 As (ba) a 
Ay\c 8 (306) 

Eq =-0.4 47(2) 32 Ay\e/, 

Eg = -0,05 4924) 
Ay c 

Pick-up Coil Convenient to Wind That Measures the Field at a Point 

A convenient form of pick-up coil for measuring the field at a point is one where one size of wire 
‘ig. 1.42. 

There are three parameters, Xo/X15 ¥4/%1, and Y_/x , which can be used to adjust the charac- 
teristics of the coil. For this reason, one might expect that the coefficients of A3,-Ag, and Ay could be 
made to vanish simultaneously. However, it is shown that the coefficients of Ag and As cannot be 
simultaneously zero. 

The flux associated with A,, which is linked by an element of area in the coil is 

m(m + 1) 
cm-l ag, b(m + 1) sina P4, (cos a) da 

4n 
jana (307) 

An bim + 1) siné a Pin (cos a) da 

where ’ = asa and b, a denote position of area da, spherical coordinates. 

The right-hand side may be written in terms of Cartesian coordinates x, y for m = 1, 3, 5. 

=x2da 
(4x2y2 — = (4x2y2 — x4) da (308) 

= (8x2y4 a 12y2x4 + x8) da 

and these functions integrated over the area of the coil give



TID-454 69 

m = 1 = 3 (x§— x3)(¥9 —¥,) 
m =3 = ; (x8 — x3)(y3 - v2) - = + Of ~ x5)(¥9 -y,) 

m=5= a (a ~ x3)(93 - v9) ~ 2 (af - x99 - y+; 3 (xd - xP)(¥9 — yy) (309) 

By al the coefficients of Ag and As equal to zero and removing the common factor (x9 — x,) 

(Yp — 4) iv 

the coefficient of Ag vanishes if 

4 
=i (xB + XyXp + xB(y2 + 912+ y3) -= (xg + xox, + xox? + xoxd + xf) (310) 

the coefficient of As vanishes if 

8 
O= ig (x8 + XQX, + x23 + y3yy + yey? + yoy} +f 4) = 4 od + x3x, + xox? + xox} + xf 

(v3 + yoy + 99) +5 (x8 + xy + xh? + xixd + x2 a 

To simplify the appearance of these equations, let x = x > 1 and x, = 1 merely to set the scale, and 
let 

Ey =x24+x41 
Eq = x4 4x3 +x2 4x 
Eg =x 4x54x 
Cg =C24C41 
C4 =C4403 4024041 

C= 7 4 ¢ of Eqs. 307 

d=y? 

Equation 310 now reads (311) 

for Ag 

4 1 0 = 9 EgCod- 5 Eq 

for As 

8 4 1 0 = 75 EgCqd? — = EyCod + 7 Bg 

To show that these cannot be satisfied simultaneously, solve the Ag equation for d and eliminate d in 
the As equation. 

2 7 E 
gid 2S, Pie de aie ug (312)
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The question mark is placed over the equals sign since it may not be possible to make the right-hand 
side nd ns ones vanish. 

ave a lower bound of three, so that Eq. 312 may be divided by (4 - 9/5 - 20) 
62/8) py bela oO read 

12 5120+ 5:20 Egk 
ea ae ‘4 

or 

21(,, C4 Eg E2 12—-/21 + 250 (313) 
eal oF ER 

By expanding C4, c3, Eg, Eo, and E2, it can be shown that 

C4 
a2 <1 
oP} 

and (314) 

E,E 6 2 <} 

4 

Thus Eq. 313 may be written 

2 au 
1= 530 (315) 

ecause the inequality of Eq. 315 is not ra there is no arrangement in this general class which 
will simultaneously eliminate coefficients of A. AS 

Since the i gad of As cannot be olttat bated, t ie best remaining solution is that one which 
detects the mi: im As. To find this arrangement, ee ratio of $5, to % was determined from Eqs. 
307 and 309 — atnindl ee, oy and $5 are given by 

4n A 3 
$1 = as (x3 = x) Vo ~ y,) 

5 = pS | (ag — xdiy§ - v5) ~ 4 08 - xiv} - yd - 57 He: 5 (is 2% (v8 - yz x3 xP)(y3 - yptz tod xB(¥9 - y;) (316) 

The ratio in the notation of Eq. 311 is 
8 2_4 by. ty (i E,C4d? - = EgCod + 5 +85) 

Bp / 
(317) 

a “5c4Ay \ 

Using the condition that the coefficient of Ag vanishes to eliminate d gives 

4 2 22 A Be 165 - SB (_3_ Ca _,), 1% 6 (318) 
Aso. = 5 2 (2° 5 co TEs 

Setting the derivative, with respect to C = 0, gives
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® OF sdt® » ae ao) ie +1) 0 
E 3 

The roots are 
Wit! 

(319) 

no roots. It turns out that the extreme design (1 a aft xy = 0) has the smallest ratio of the 

coefficient of A; to the coefficient of 
The 

ith these roots wa e., C= 4, C =~) the equation obtained by differentiating with respect to x has 

equation which the coil uae ‘satisfy is the first of Eqs. 310. 

4 2,2 x 9 (a+ Bicy + xBx? 4 xoxd + xf) _ y3 + Yov, +99 (320) 

(x3 + XoXy + x?) 

so that ne foettictent of Ag is eliminated. 
The wing quantities are of interest: 
1. eidoee per turn squared 

R 7 +x)P 
N2°2 (yg oe x4) 

2. Area per turn 

(321) 

AT 
WB (x + XQX) + x?) (322) 

Resistance 

(turns-area)2 

R_ 9 Pp «& -x) (323) 
A2~ on (yo—yy) (x3 — x3)2 ¥2—~9y) (xp - x7) 

4. Table of 

1 in ; maT sin 6 Py, (cos 6) 

The following table gives the values of 

1 2m+1 1 
Bu = fat +1) 59 Pin (cos 6) 

m = 3, 5, 1 9 

useful in designing or checking the previously described search coils and o' 
e tables were made from existing* tables of P, 

her. 
(cos 6) by the recursion formula 

1. - B= Pm-17Pm41 

The tables were carefully made and checked manually. 

and D. Sweeney, Table of Legendre Polynomials P,, (cos @) for n = 0 (1) 20, and 6 = 0° 
(1) aie to ‘six Decimals, LADC -361, (1947).
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Table 1.3 

8 B} BE Bi BA 

fr) 0.000000 0.000000 0.000000 0.000000 
1 0.001064 0.001672 0.002279 0.002883 
2 0.004256 0.006671 0.009062 0.011418 
3 0.009554 0.014920 0.020164 0.025244 
4 0.016927 0.026307 0.035305 0.043789 

5 0.026334 0.040674 0.054090 0.066280 
6 0.037720 0.057815 0.076024 0.091760 
1 0.051017 0.077487 0.100524 0.119135 
8 0.066151 0.099376 0.126942 0.147210 
9 0.083031 0.123278 0.154563 0.174728 

10 0.101559 0.148747 0.182625 0.200408 
11 0.121628 0.175424 0.210345 0.223012 
12 0.143120 0.202946 0.236930 0.241369 
13 0.165906 0.230893 0.261586 0.254423 
14 0.189855 0.258851 0.283556 0.261281 

15 0.214823 0.286388 0.302122 0.261242 
16 0.240661 0.313081 0.316624 0.253819 
17 0.267215 0.338503 0.326479 0.238779 
18 0.294325 0.362241 0.331194 0.216137 
19 0.321828 0.383891 0.330375 0.186174 

20 0.349556 0.403075 0.323742 0.149430 
21 0.377337 0.419430 0.311137 0.106697 
22 0.405000 0.432632 0.292530 0.058993 
23 0.432373 0.442379 0.268006 0.007532 
24 0.459284 0.448414 0.237797 + -0,046298 

25 0.485558 0.450515 0.202247 = -0.100991 
26 0.511029 0.448505 0.161831 © -0.154957 
27 0.535525 0.442254 0.117114 — -0.206572 
28 0.558885 0.431677 0.068860 -0,254240 
29 0.580949 0.416741 0.017777 += -0.296433 

30 0.601562 0.397462  -0,035247 —- -0.331737 
31 0.620578 0.373906  -0,089292 —- -0.358917 
32 0.637853 0.346193 -0.143385 0.376937 
33 0.653254 0.314490 -0.196533 0.385015 
34 0.666655 0.279012 © -0.247754  -0.382620 

35 0.677939 0.240023 -0.296008 + -0.369597 
36 0.687001 0.197833  -0,340394 — -0,345996 
37 0.693744 0.152789 0.379993 0.312244 
38 0.698078 0.105276  -0.413969 — -0,269058 
39 0.699932 00055719 -0.441584  -0.217457 

40 0.699240 0.004567 0.462198 += 0.158718 
41 0.695954 0.047700 0.475291 0.094362 
42 0.690031 0.100590  -0.480472 + 0.026090 
43 0.681447 © -0.153587 0.477491 = +0.044237 
44 0.670178 -0.206170  -0,466243 0.114671 
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Table 1.3— (Continued) 

8 Bi B} B} BA 

45 0.656250 0.257812 0.446778 0.183228 
46 0.639649  -0.307989  -0.419293 0.247933 
41 0.620409 = -0.356182  -0,384137 0.306900 
48 0.598569 -0.401889 —0,341811 0.358375 
49 0.574177 + 0.444619 0.292945 0.400783 

50 0.547299 © 0.483913 0.238304 0.432796 
51 0.518009 0.519335 -0.178769 0.453357 
52 0.486397 + 0.550486 + -0.115319 0.461721 
53 0.452560 -0.577003 — —0,049020 0.457484 
54 0.416611 0.598570  +0.018998 0.440600 

55 0.378671 © -0.614911 0.087558 0.411370 
56 0.338874 -0,625803 0.155458 0.370462 
57 0.297358 -0.631076 0.221502 0.318874 
58 0.254277 — -0.630615 0.284503 0.257930 
59 0.209789 0.624357 0.343321 0.189222 

60 0.164063 0.612305 0.396880 0.114591 
61 0.117271 -0.594512 0.444190 0.036052 
62 0.069591  -0.571089 0.484357 += 0.044244 
63 0.021213 0.542210 0.516609  -0.124070 
64 0.027676 -0.508098 0.540310 0.201204 

65  -0.076881 -0.469037 0.554971 © -0.273467 
66 = -0.126206 0, 425356 0.560261 -0.338812 
67 0.175452 0.377437 0.556012 -0,395362 
68 0.224422 — -0,325700 0.542225 0.441480 
69 0.272916 -0.270612 0.519071 0.475806 

70 0.320734 — -0.212677 0.486893  -0.497308 
71 «= 0.367681 = 0.152423 0.446188 -0.505299 
72 0.413564 0.090411 0.397616 0.499476 
73 0.458192 -0,027217 0.341974 — -0.479920 
74 0.501380 —-+0.036563 0.280194  -0,447095 

15 0.542948 0.100328 0.213322 -0,401852 
16  -0.582724 0.163477 0.142490 0.345374 
17 ~~ 0.620538 0.225402 0.068921  -0.279188 
78 © 0.656232 0.285516 0.006125  -0.205078 
79  -0.689657 0.343241 0.081343 0.125076 

80 0.720672 0.398024 0.155430 0.041374 
81 -0.749144 0.449334 0.227093 —=-+0.043719 
82 0.774955 0.496680 -0,295082 0.127851 
83 -0.797992 0.439599 -0.358204 0.208687 
84 —- -0,818160 0.577677 + -0.415352 0.283981 

85 0.835373 0.610547 + -0,465526 0.351641 
86 © -0,849557 0.637888 — -0.507842 0.409780 
87 -0,860654 0.659435 © 0.541553 0.456774 
88  -0,868612 0.674975 0.566064 0.491310 
89 -0,873401 0.684361 + -0.580947 0.512426 
90 -0.875000 0.687500 0.585938 0.519532 
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Fig. 1.1— Parts of cyclotron magnet, gap greatly exaggerated. 
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Fig. 1.2— Field shape and coordinates used in shim calculation,
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. 1.3—Shape of an equipotential which decreases the field linearly to 96 per cent at 
the radius r = 9.28s. A spike of extremely small radius (not shown) crosses the gap at 
r =O. r, radius; z, distance from mid-plane; s, nominal half-gap; Hg, field at r = O. 
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Fig. 1.4— Field Hz due to a cylindrical spike of height h = 2s/7 and area A = 47 m/Bsg.
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Fig. 1.5a—Three-dimensional flux map. 
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fig. 1.5b—Two-dimensional flux map.
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ig. 1.6a—Field V = — 6, /7 mapped into the field of a square pole corner to give a square 
equipotential. z, plane. 
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‘ig. 1.6b—Field V = ~ 6,/7 mapped into the field of a square pole corner to give a square 
equipotential. z plane.
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Fig. 1.7— Leakage flux (into the square pole corner) per 
half-gap of circumference plotted against distance from mid- 
plane. 
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Fig. 1.8 —One of a set of equipotentials produced by the transformation 
which also produces the square equipotential,



& 0.03 ra 

TID-454 

| 
0.02 

| 

°O Ou 0.2 03 

8 

Fig. 1.9a—x1] n-1/5 as a function of 6 with m = 9, 

0.90 

. [-——_] 

~e ae 
aso [> 

° O4 0.2 0.3 
8 
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Fig. 1.9¢c — pas a function of 6 with m = 9,
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Fig. 1.10— Flux efficiency F vs. 6 with m = 9.
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Fig. 1.12a—Pole-tip efficiency E plotted as a function of 5. 
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Fig. 1.12b—Field strength H,, where n = 1/5, plotted as a function of 3.
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Fig. 1.13—Rounded equipotential, illustrating the z plane of the transformation given by Eq. 36.



01000 

00500 

0.0100 

5 0.0050 

0.0020 

0.0010 

0.0004 

70 

TID-454 

(UPPER CURVE) 
40 30 

4.0 
) (LOWER CURVE) 

Fig. 1.14—Avs. l-a,
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Fig. 1.15—1-avs. xq and Xi n=1/5 VS. Xq- 
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Fig. 1.16—Useful radius (, for the fields produced by the rounded pole corners, is 

given as a function of x,
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Fig. 1.17a—Performance of rounded pole tip; F’, flux efficiency. 
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Fig. 1.17b—Performance of rounded pole tip; By, flux density in pole base. 
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Fig. 1.17c—Performance of rounded pole tip; E, pole-tip efficiency.
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Fig. 1.18b—Shim that crosses the gap; z plane.
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Fig. 1.19¢c—B, given as a function of 3 for a shim that crosses the gap.
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Fig. 1.22—Strength of the dipole at x = 0. y = 1, which will produce a monotone decreasing field 

with the greatest useful radius, determined by making the derivative of the dipole field equal and 

opposite to that of the square equipotential at one point.
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Fig. 1.24a— Properties of a pole with a dipole field added. F, flux effi- 
ciency; E, pole-tip efficiency. 
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Fig. 1.240—Distance from mid-plane to point where V = 1 as a function 
of 6.
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Fig. 1.26—Pole tip with quadrupole added; properties of a square pole tip with a 
quadrupole of strength 0.090 at x = 0, y = 1, and a dipole of strength 0.218 at 

yah
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Fig. 1.27a— Further properties of a square pole with a quadrupole at x = 0, 
y =1. Curve A, approximate flux density at V = 1, x = 0, i.e., at the tip of 
the raised edge of the shim, plotted as a function of 6. 
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Fig. 1.29a—Cooling arrangement with water tubes inside and outside the conductors, 
helical winding. 
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Fig. 1.29b—Cooling arrangement with oil flowing between the conductors, helical winding.
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VELOCITY PROFILE 
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T=T(x,y) 

Jem? sec) FLUID 

ge 1.30-Dil F ah livered to fluid =0y> 0, 
f fluid, cal/°C/cm/sec; k, thermal conductivity cal/cm?/sec; i 

of fluid, cal/°C/cm/sec. 
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Fig. 1.31 d by W 
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Fig. 1.32—Dependence of steel on coil outside diameter; shaded area represents the part of the 
steel whose cost is a function of the outside diameter of the coil. 



100 TID-454 

5+ rs 
| }+30 iL 

44 4 

L 

1.35 

L % 

3f 3 

{e} 

Fig. 1.33—Nomograph for determining x, the optimum ratio of the outside to the inside 

radius of the coil. 
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coils supply magnetomotive force; 7, reluctance of lower yoke. 
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SEARCH 
COIL 

2 

4 GALVANOMETER 

SEARCH 
COIL 

Fig. 1.36—Basic circuit used in comparing two quantities of flux; R, and R, in- 
clude search coils and leads.
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BOTTOM POLE 

Fig. 1.3%—Field-shape measurement; arrangement of coils on a shaft lying in 
the mid-plane of the gap. 

WA/V/\/ 

E COIL 4 Ry A 

> COIL 3 Rs or 

GALVANOMETER 

| ‘Laws 

Fig. 1.37b—Field-shape measurement; arrangement of the circuit. 
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Fig. 1.38—Numerical calculation of potential; the potential at points off the mid-plane 
may be calculated numerically from the values of the field in the mid-plane, measured at 
a set of equidistant points on a line. For example, at the point m =6, n =, 6, the potential 

is given by 

Voy = 2084(H,) - 1569(H, + Hq) + 672(H, + H,) * 161(H, + H,) ae 20(H., + HL) > (A, +H,,) 

and at the point m = 2, n = 3, 

32 4(A,) -(H, + H,) 

BP
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Fig. 1.41—Cross section of search coil that accurately measures the field at its center.
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Fig. 1.42—Search coil, convenient to wind, measures the component of the field 
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Technical Report No. 2 

DESIGN OF CLOUD-CHAMBER COILS 

By M. H. Foss 

The field coils for a cloud chamber are required to have no windings over the mid-plane in which 
the chamber is located and are required to produce a uniform ee In this paper the problem of pro- 
ducing a uniform field by peneenpanend i coils is considered. Helmholtz coils have cross sections 
small in comparison with thei quared, and thus require excessive power where a high field is 
mequined. The c oils considered Petow have cross sections comparable with their radi squared and 
have —— power requirement: 

it is clear that any uniformity scsi on can be met by making the coils sufficiently large. How- 
ever, Ee approach results in bulky inefficient coils. The problem of the uniformity of the field can be 
sen by making a power-series expan: n terms of the radius, u, of the field point in the mid 

. This power series can be develope trom the expression for the field of a loop of wire, 

a 2 if 
_ Qajsina Fv i /u\P? 1 1 ae » = (2) ph (cos a) PA (cos 8) ds (1) 

where dHy = part of field developed by element of the coil, ds 
d a of the wire 

j = current density in the 

a = radial coor oe ea thew wire (spherical, polar) 
a= colatitude of tl 

adial c: mange of the _ point 
: = = colatitede of the field po: 

For the field in the mid-plane due to a coil symmetric about the mid-plane, this equation becomes 

_ 2nj sina ~ (2m)! ‘u 2m 1 
dH = = 2 waneeae (am \a Plomst) (COS a) (2) 

m= 

The boundaries of coils that are simple to wind are more easily expressed in cylindrical coordi- 
nates; therefore, the first four terms of this equation are given in cylindrical coordinates: 

dHg = 2 ee Ho = 21j ———>7p US 0 = Ome, 22)3/2 

dH 2 1__3,, 3? __ 492 12) as 
v2 ~~ 2" 2, 22)7/2 ‘ : 

dH. o 45 2 
pera 1 ay gaia (o2*- 1222r2 4 r4) ds 

ay __ 35 ,;__1° __ (g4z6 Ue ~~ 128") (72 , 72)15/2 * 240r2z4 + 12022r4 - 5r6) ds 
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where z and r are the cylindrical variables. The higher terms can be similarly expressed but they are 
less useful. Either Eq. 2 or Eqs. 3 can be used for a coil of any shape and with any current distribution. 

Equations 3, when integrated with respect to z, assuming that j is not a function of z, are 

dr dHo = 2njZ 
on a ee ZY 2h mit 

M1 3 — Pedr 
yea (r2 4 22)9/2 

Z limits 

dH 2(3r2 — 47,2) “ 2 r2(3r2 — 422) 
— ate 35 Z dr uf 2229/2 | 

dH3 35° ait r2(-5r4 + 20r2z2 - az4) | | 
us 128 (r2 4 22)13/2 lp sates 

Assuming that j is not a function of r, Eqs. 4 may be integrated with respect to r. 

/ 2 r r r 
2njZ log (E +yl =?) x 

2njZ sinh-1 z| 
; Zlalr 

a = al 
v2 2 a(n 4 2298/2] | (5) 

Ho 1 _, r3(2024 4 722r? 4 or4)| 
ut 32 8(g2 4 r2)7/2 J | 

ye 384 Z5(z2 + 12) 11/2 
H3 1 nj 229028 + 28Z6r2 4 gor4z4 4 4472r6 4 Br) | | 

| Zir 

Equations 5 describe the field produced by a restricted class of coils, which are illustrated in Fig. 2.1. 
More complicated shapes or current distributions are justified only if a very high field is required. 

The labor associated with a complete study of Eqs. 5 is excessive and will not be attempted here. 
It is important to note that 

-on Hn /3 penn <4 n=1,2,3... (6) 

where pis the ratio of u to rg, the inside radius of the coil. Thus it is not possible for any ers ot the 
power series for H to have an extremely Sys coefficient. Furthermore, the coefficients of hi 
terms tend to become smaller as is shown in Fig. 2.2. It is therefore reasonable to make Hy ‘ertfcally 
zero without studying the remaining a 

equation for Hy may be written 

Lat, =~sjngl 1 cd ! 7) 
oz M1 ON vey? + v2)872 vd a v2)8/2 wy? a wy8/2 * wd + weye/e (
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where y = 14/rg 

= 22/19 
w=24/rQ 

rj = outside radius of the coil 
Zo = one-half the axial length of the 
Zy= one-half the gap at the center = ‘ne coil 

(see Fig. 2.1). Hy will vanish if the parentheses in Eq. 7 vanish; this condition may be written 

i 
z 1 _ 1 

1s ~V(1 + v2)372 w/(s,¥ * (1 + w2)3/2 

a y (Pty 
and if the function F(x) is defined as 

1 
F(x) = x(1 + x2)3/ 2 (8) 

then the condition for the vanishing of Hj becomes 

1 o=5F(5)- Fe) -5F (= ) + Few (9) 

In order to simplify the solution of this equation, Table 2.1 was constructed. This table gives log F(x) 
as a function of log (x). A sample calculation is given in Table 2.2. 

cause it clearly indicat of the 
quired by the coil for the volume of conductor in the coil are also given. Previously, j has sto 

density in the conductor (amperes) and the ‘ ‘space factor’’ f will be introduced to give the density of 

conductor in the coil. 

4n fir Ho =p eA 

Ac V log + Vv24y¥2 -w loge £+ Vw? + ¥2 
© Te VWEr e 14 Vwead 

3 y3 

1H2 1 ( y3(20v4 + 72y242v4)  20v44 7v242- y3(20w4 + TWy2 + 2¥4 . 20w4 + Tw2 +2 
v3(v2 4 ¥2)7/2 ~y3(v2 +1)7/2 ww? 4 yi w3(w2 + 1)7/2 

Hg ¥3B(V,Y) B(V,1) YSBWW,Y) __B(W,1) 
po Ho 768A\y5(v24¥2)11/2 vy5(v241)11/2 w5w2 4 y2)11/2 ~ wow2 + 3)11/2 

where B (a0) = ct + 28a5p2 $ 9ea%nt + 44a2p6 4 sp8 

(Vv — w)(¥2- 1) 

where Ve janie of conductor 
P = power siseiputbd in coil (steady current) (watts) 
Q = resistivity of conductor (ohm ‘cm)
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When W is small, the terms expressing the homogeneity of the field are conveniently written as 

y-4) - w1 - 78) 4 Hy y¥3 3! wy —y-2) 4 w3(1 — 7! 
p2 Ho ik v(v2+ ¥2)8/2 v(1+ va 2°22" Hare 26(31)2 

(2n + 1)! - + (a nae Wer 1)(1 -y-2n) + ,., 

1 He 1_|¥3(20v4 + 7v2¥2 4 av4) 20v4+ 7v2+2 45 178 - | f vets THE ) V3wie pve tg Wa-¥- 4) - => w3(1 - v6) 

, 8615 y-8)-.., 
64 

1H3 1 Y3B(V,Y) B(V,1) 175. wy 6 11028 3(1 —y-8 
6 Ho 768A Vo(V2+ ¥2)11/2° vo(y24 1/11/72 2 Hy) we(1 — x-8) 

- 8 (1-y¥710)4.., 

The first of these, (1/p2)(H,/Hp), may be used when Table 2.1 does not contain the required value of 
) 

part from the scale (or size) of the coils, there are three parameters, W, V, and Y, which can be 

tained is indicated in Tables 2. 2.4, where amples are given. It is perhaps worth noting that 

r eff can be improved by allowing (1/p)(H1/Ho) to have a suitable positive value which will partly com- 
pensate f p4 ne by varying V, since the hi, ‘ms are insensitive to ‘or the Vv. 

case a siete amount of numerical work is required to obtain the best design for particular 
circumstance:
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Table 2.1—Log F(x) against Log (x) 

Log (x) Log F(x) Log (x) Log F(x) Log (x) Log F(x) Log (x) Log F(x) Log (x) Log F(x) 

0.70-2 1.29836 0.10-1 0.88975 0.50-1 0.43791 0.90 -1 0.7813-1 0.30 0.6540 -2 
0.71-2 1.28827 0.11-1 0.87927 0.51-1 0.42512 0.91-1 0.7596 -1 0.31 0.6199 - 2 
0.72-2 1.27818 0.12-1 0.86877 0.52-1 0.41222 0.92-1 0.7375 -1 0.32 0.5856 -2 
0.73-2 1.26809 0.13-1 0.85825 0.53-1 0.39920 0.93-1 0.7150-1 0.33 0.5511 -2 
0.74-2 1.25800 0.14-1 0.84770 0.54-1 0.38604 0.94-1 0.6923-1 0.34 0.5164-2 

0.75-2 1.24791 0.15-1 0.83713 0.55-1 0.37275 0.95-1 0.6692-1 0.35 0.4815-2 
0.76-2 1.23782 0.16-1 0.82653 0.56-1 0.35932 0.96 -1 0.6457-1 0.36 0.4464 -2 

0.77-2 1.22773 0.17-1 0.81590 0.57-1 0.34575 0.97-1 0.6219-1 0.37 0.4111-2 
0.78-2 1.21763 0.18-1 0.80525 0.58-1 0.33204 0.98 -1 0.5978-1 0.38 0.3756 -2 
0.79-2 1.20752 0.19-1 0.79457 0.59-1 0.31817 0.99-1 0.5733-1 0.39 0.3400 -2 

0.80-2 1.19741 0.20-1 0.78385 0.60-1 0.30416 0.00 0.5485-1 0.40 0.3041 -2 
0.81-—2 1.18729 0.21-1 0.77310 0.61-—1 0.28998 0.01 0.5233 -1 0.41 0.2682 -2 
0.82-2 1.77717 0.22-1 0.76232 0.62-1 0.27563 0.02 0.4978 -1 0.42 0.2320 -2 
0.83 -2 1.16703 0.23-1 0.75150 0.63-1 0.26111 0.03 0.4719-1 0.43 0.1958-2 
0.84-2 1.15691 0.24-1 0.74064 0.64-1 0.24640 0.04 0.4457-1 0.44 0.1593 -2 

0.85-2 1.14675 0.25-1 0.72974 0.65-1 0.23150 0.05 0.4191-1 0.45 0.1227-2 
0.86-—2 1.13659 0.26-—1 0.71879 0.66-1 0.21640 0.06 0.3923 -1 0.46 0.0860 -2 
0.87-2 1.12643 0.27-1 0.70781 0.67-1 0.20111 0.07 0.3651-1 0.47 0.0492 -2 
0.88-2 1.11626 0.28-1 0.69678 0.68-1 0.18562 0.08 0.3375 -1 0.48 0.0122 -2 
0.89-2 1.10609 0.29-1 0.68570 0.69-1 0.16992 0.09 0.3096 -1 0.49 0.9751-3 

0.90-2 1.09591 0.30-1 0.67458 0.70-1 0.15401 0.10 0.2814-1 0.50 0.9379 -3 
0.91-2 1.08573 0.31-1 0.66341 0.71-1 0.13788 0.11 0.2528-1 0.51 0.9006 -3 
0.92-2 1.07553 0.32-1 0.65218 0.72-1 0.12152 0.12 0.2239-1 0.52 0.8631-3 
0.93-2 1.06532 0.33-1 0.64090 0.73-1 0.10493 0.13 0.1947-1 0.53 0.8256 —-3 
0.94-2 1.05510 0.34-1 0.62956 0.74-1 0.08809 0.14 0.1652-1 0.54 0.7880 -3 

0.95-2 1.04487 0.35-1 0.61816 0.75-1 0.07101 0.15 0.1353 -1 0.55 0.7502 —-3 
0.96 -2 1.03462 0.36-1 0.60669 0.76-1 0.05368 0.16 0.1052-1 0.56 0.7124-3 
0.97-2 1.02436 0.87-1 0.59515 0.77-1 0.03609 0.17 0.0748-1 0.57 0.6744-3 
0.98-2 1.01410 0.38-1 0.58356 0.78-1 0.01823 0.18 0.0440-1 0.58  0.6364-3 

0.99-2 1.00381 0.39-1 0.57189 0.79-1 0.00010 0.19 0.0130-1 0.59 0.5983-3 

0.00-1 0.99352 0.40-1 0.56015 0.80-1 0.9817 —1 0.20 0.9817-2 0.60 0.5601-3 
0.01-1 0.98321 0.41-1 0.54834 0.81-1 0.9630-1 0.21 0.9501-2 0.61 0.5218 -3 
0.02-1 0.97291 0.42-1 0.53644 0.82-1 0.9440-1 0.22 0.9182-2 0.62 0.4385 -3 
0.03-1 0.96256 0.43-1 0.52446 0.83-1 0.9248 —1 0.23 0.8861-2 0.63 0.4067 -3 
0.04-1 0.95220 0.44-1 0.51239 0.84-1 0.9052-1 0.24 0.8537 -2 0.64 

0.05-1 0.94184 0.45-1 0.50023 0.85-1 0.8853 -—1 0.25 0.8210-2 0.65 0.3681 -3 
0.06-1 0.93146 0.46-1 0.48797 0.86-1 0.8652 -1 0.26 0.7881 -2 0.66 0.3295 -3 
0.07-1 0.92106 0.47-1 0.47561 0.87-1 0.8447-1 0.27 0.7549-2 0.67 0.2909-3 
0.08-1 0.91064 0.48—-1 0.46315 0.88-1 0.8239-1 0.28 0.7215 -2 0.68 0.2522 -3 
0.09-1 0.90021 0.49-1 0.45058 0.89-1 0.8028-1 0.29 0.6879-2 0.69 0.2134-3 

0.70 0.1746 -3 
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Table 2.2—Sample Calculation of the Geometry of a Coil Which Produces No Hy*t 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Le (¥) Le (¥) Col. 4- ol. 6— 

w v y y \y/ FW) ¥“\y FW)  Col.5 Col. 7 

0.2 2 30.2880 «(0.0447 4.9670 4.7144 0.2433 (0.2526 
. 1.965 3 0.2980 0.0476 0.2504 

1.950 3 0.3023 0.0487 0.2536 
1.958 3 0.2999 0.0481 0.2518 
1.954 3 0.3010 0.0484 0.2526 

0.2010 3 4.9418 4.6882 0.2536 

*It is assumed that W = 0.2 and Y = 3.0. 
tThe last figure is calculated to determine the tolerance on the most critical dimen- 

sion, W. The result is W = 0.200, 

Table 2.3 —Two Coil Designs 

1 Ht _ .0.0003 
p2 Ho . 

Coil 1 Coil 2 

WwW 0.200 0.050 
Y 3.000 2.000 
Vv 1.954 2.809 
A 0.895 0.838 

H_ 1.124 1.053 
fjro 
1 H2 

ed —0.08 -0.011 
p4 Ho 
1 H3 
— —0.02 — 0.0065 

p® Ho 
radius where 

r eff = }H = 0.99) 0.59 0.98 
r eff/ro 

pea 88.2 52.2 fr§ {7223 ° . 
Pf 

H20r9 69.8 47.1 

H iccil 2.06 1.18 

bas 118 53 
H20r eff 

Y = 3.000, and V = 1.954. If W = 0.2010, then 



TID -454 

Table 2.4—Specific Examples of the Coils in Table 2.2* 

Coil 1 Coil 2 

Effective radius of = cm r eff 15 15 
Field ae gau: H 10,000 10,000 
Space fac’ f E le 
Rualativiy of conductor, x 107! 6 ohm cm TO 2 2 
Inside radius of coil, cm by) 25.4 16.9 
Space between coils, cm 2Wro 10.2 1.6 
Outside diameter of coils, cm 2Yro 153 63 
Power required, watts P 500,000 230,000 
Current density, am: 2 j 
Volume of conductor, cm3 Vv 1,000,000 170,000 
Weight of copper, tons 10 1.7 

*These coils represent random examples and are not the result of a system- 

sign. atic search for any particular optimum des 
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Fig. 2.1—Coils described by Eqs. 5.
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Fig. 2.2—Coil described in Table 2.2 and the nodes of the functions P}, P?, and 

P!, When a large coil is used, the coefficients associated with the funeticus 
pe +, Will tend to vanish, since successive internodal spaces make contributions 

o! opposite sign to the coefficients.



Technical Report No. 3 

HIGH MAGNETIC FIELDS 

By M. H. Foss 

ABSTRACT 

It is physically possible to obtain very high magnetic fields, several million gauss. The limita- 
tion is the large power requi 

A good background for the penn of practical saiias is found in the study of an ‘‘ideal’? magnet 
which has the optimum current-density distribution. 

Two designs of coils are discussed. The first comes close to the optimum, and the second makes 
the region where the field is developed very accessible. 

3.1 POWER 

The quantity 

h 

foro ") 
where h = field strength at the center oO the magnet, gauss 

= space mie of the conduc: 
jo = maximum current easily, ‘amp/em? 

= inside raatiia of coil, ¢: 
is a number which is determined ty the design of the coil. It does not change if every dimension of 
a design is changed by the same factor. Thus the field obtained is proportional to the inside radius 
of the coil and a high field can be obtained by increasing the scale, rg, of any design. However, 

— —_?_ (2) 
fro? frq3jo2p 

where p = resistivity of conductor, are also characteristics of the coil design so that the power p and 
the volume of conductor v increase with the cube of the inside radius. 

It is the very great power requirement which necessitates careful study of the design of high- 
field — The first consideration is therefore that of obtaining the required field with a mini- 
um . Since this may involve an infinite amount of conductor it is necessary to make this con- 

‘ditt vet The minimum power with a given amount of conductor 
Iti sily shown that the current- sauaity esciclar which produces a given field with the least 

amount tp power is 

3 k sin @ 7 , 
io = "3 jo =0 jp = 0 (3) 

116 TID-454
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where r, 0, 4 = spherical polar coordinates 
= constan 
= current density amp/cm 

(The field is ‘produced at r = 0 in the direction of the polar axis.) The shape of the outside of the 
coil which requires the least conductor for a given field and power is given by 

r2 =k’ sing (4) 

The space required for the apparatus which is to be exposed to the field must be free of a conductor. 
This space should be kept at a minimum. A coil of this type with a spherical cavity at the center is 
illustrated in Fig. 3.1. 

e quantities of interest connected with this ideal coil are 

h 1.073 
Foro = 0.838 (1 = ) 

1.073 
irgbigte ig’ = 8.38 ( 3 ) 

(5) 
pf 

h2pro 

Ve cme 3 iro? = 3.00S° — 4.19 

here S = outside radius divided by inside radius. (These results are approximate and are correct 
o the indicated accuracy when S > 2.5. In this and the following work the space factor, i.e., vol 

of conductor divided by volume of coil, and the resistivity are assumed to be constant over the coil.) 

3.2 CURRENT DENSITY 

Another number which depends on the design is 

25, oro (6) 

For the coil design discussed above this is 

z.
 14.23 

1.073\2 
(0-4) 

The importance 7 a“ number may be seen by considering the example, S = 10; therefore, 

(pf2j9) (ph3) = 17.9 = 2 x 10-6 ohm cm, f = 0.90, p = 2 x 106 watts, and a field of 200,000 
gauss is required, t! ‘hen me e maximum current density is 1. Ny x 108 am| ee . This is so high that 
it is impossible to cool the coil if it is to give a steady field (at least wi' space factor of 0.9). It 
is thus necessary to consider the current-density nee wane Ans) it ae magnet is to operate 
continuously. 

The best coil for a minimum (pigf2) /n3p) is a kernel bounded by 

2 sin 6 (8) 

Pig? _ 
h3 p 

reer
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carrying a constant current density, jo, which is surrounded by a coil in which the current is given 

by 

._ sind ‘ 
i-[r T17i9 (9) 

which is bounded by the surface 

r2 = r92 sin 6 (10) 

For such a coil (spherical hole in center) 

- 0 (2n,-1 10rg — “) 
TO ea 

4 3_P 3_ 3_ 3ri* 
T9 oar? =3 (+ 1.40r9' Tp (11) 

r,4 
Pip? - 7143 — 0.35r93 — 0.75 

13p_ = 4.U0 2 

np (x1 ~ 0.8819 - os) 

The lower limit for (Pig) /n3 is obtained by making ry2 = 2.20rerg and 

ro <r (12) 

In this case 

bight ~ 2.06 
(13) 

(See Fig. 3.2, the top three curves.) When the maximum current density and the desired field are 

known, the power p can be determined. This is the smallest power which can give the required field 
with = given maximum current density. From p and jg the outer radius of the kernel, rj, can be 
determined. For ay let jg = 2 x 104 amp/em2, p = 2x 107 ohm/cm, f = 0.9, h = x 105 

gauss; ffién by Eq. 13, p= 2x 106 watts and ry = 6.1 cm 

3.3 INSIDE RADIUS 

be that the inside radius of the coil must be sufficiently large for a particular experi- 
signed according to 

em. this case the principles of Sec. 3.2 a: 

a Where the required inside radius ‘alls between these two limits, another apUReH fi is 

-s “tile case both jg and rg are known and the number h/(figrg) can be determined. There is a 

simple infinity of coils with a kernel j = jg and an outer zone j = jgrz)(sin 6) /r2 and an outside 

radius between
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h 
rg = 1.11 fio” 1.10rg (14) 

and rp = infinity, which give the required h/( fig). The power required is a monotone decreasing func- 
tion of ro; thus, the choice of ro gives a proper balance between the power required and the volume 
of conductor required. This is illustrated in Fig. 3.2. 

3.4 ACCESSIBILITY 

revious discussion was confined to magnets with a spherical cavity for apparatus. Th Ss: 
some applications greater accessibility of the region where the field is developed is ra Tits 
an be obtained by using more power. Several examples are given in Table 3.1. 

Table 3.1* 

Spherical 0 1 

ity at and 31/4<0<n (3 ) (3 =~ § cc 
center ree Oo! 2 sos\Qt6 

(for comparison) conductor free of conductor 6 = 4.5 deg 

-2_ 0.838 (1 - 10t) 0.740(1 - 24) o.ega{1 ~ 1.58) 427 (1 -1.40)] 0.740(1 - a) 
froig s s s 

_ 1.07 _ 1.04 _ LOT a ( a) intr =) 2.38 (1 10t) 7.40 (1 Le ) g.a9{(1 ~ 1.58) - “27 (1 - 1.48) 740(1- 

f _i _ 1 
—Fy .9/,_ 107) 18.57, _ 1.04 11.9 i 
Pro s 5 (1 — 1.58) — 1.07 (1 — 1.48)/S 13.5-——___ 

1 

*9 is angle. 

3.5 CONSTRUCTION 

The design which has been discussed is impossible to construct owing to the complex current- 
density mec It is fortunate that departures from the ideal design cause only second-order 
increases in the power required to produce a given field. The design of a practical coil is found 
by et ee the complexity of eon against the power required to operate the magnet. 

‘oil made rectangular zones of constant current density nae Hustrated in Fig. 3.3) 
can come see close S the ideal, itt ne atio of the outside radius of th e to the inside radius 
is close to one. However, the construction is facilitated by making fis maifa much greater than 
one. Figure 3.3 shows one possible compromise. 

coil consists.of a central zone which may be described in cylindrical coordinates by 

& 

5 24 ak = 3.095 = 1.862 = Jo (15) 

where rg = inside radius 
Yr, = outside radius 
Z, = half-length of coil
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This coil, taken by itself, has the minimum (pf) /h2rgp which can be obtained with a coil of this type, 

= 1.80 (16) — -312 0 5 
h“rgp TOJ0 

Surrounding this core are zones with 

Outside Bagi = 3.095 v3n 1 
Middle radius = 3.095 V3 

Inside radius = 1+ v8 3 v3 vr} 
(17) 

2 ae "i 
862 V3 

—n, 

Outside Z dimension 
Inside Z dimension 

Current density = 0.806 ; jo 

The current density is so adjusted that (pf) (prgh?) is a minimum. For this coil 

h 
Foio =3. 2a(1 0.44 x7) 

pf <7) = 189=/1-0.49 3h2, proshép ( gN/2 (18) 

(1-040 2) 

bs = 18.07, __ 
(: — 0. 4x) 

proh2 ~ 

where N = number of zo! 
It is interesting | ° camara this result with the limit as the zones are made thinner and more 

numerous. In this 

1.38 
= 3.25 (1 13°) 

h 

frpj, 0/0 
(19) 

\f 1 most "40, am) 

8 

The current density in the first zone is 0.5 jg = jy and makes (pf) /proh?) a minimum. 
Ifa nee n/(fro}o) is required, the current densities can be readjusted. For example, if 

= 3-8 

h 
Tol = 3.47 (: 0.48 x) 

__P 
; = 220/1- — fro3ig2p ( 0.54 7) 

(20) 

— 18.3 

n’roP (- 00 7)
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IfN=4, 

h yf rol 7 328 trop” 19.2 

The merit of these arrangements can be judged by comparing these results with those of Fig. 3.2. 
Part of the reduction in efficiency can be attributed to the greater accessibility of the region where 
the field is produced. 

e outside coil by itself (i.e., the coil without zone zero) has a Aiea. space in the center 
with a length 1.20 rg. This coil has poorer accessibility, but lower (pf) /(h2rg, 

h —N/2, Pp —N/2 f 13.9 
— = 1.62(1-3 —5 = 36.31-3 ye - =~ _ 

froig ( ) fprgsio2 hérop 1- 3 N/2 

The variety of designs which can be considered are so numerous that a complete discussion is 
not possible. 

An interesting coil, of which a core of half-angle 45-deg measure from the polar axis must be 
free of conductor, is obtained by seeking the best coil with the current density a function of the 
radius only (in cylindrical coordinates). In this case the optimum shape is given b: 

_ $2_yey4 + s4—(2¥4+ s4) 
= 2y2 (21) 

(see Fig. 3.4), and the current-density distribution 

3 1 
j=loy Voi y: (22) 

where Urg = Z dimension of coil (not constant) 
Yrg = radial variable 
Srq = outside radius of coil 
To= inside radius of coil 
jo = maximum current density 

In this case 

h an y2 ( 18) 
— = Le 

froig 10 

1.15 
iprgSio? To? = an(1 = ) 

(23) 

‘oP 

\f 100.1 
wr = 2 138) 

ts 

Ve svar’ 3 fro3 = 70° (0.74188 — 1.33) 

The shape of this coil can be simplified as is illustrated in Fig. 3.5. The optimum shape in this case 
is
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s 
U=Y 1<Ys< 211 

(24) 
s s 

U=ga7 aan = *=5 

and the current density 

4 HG 1 
* to yyuzs v2 “ 

These give 

h 3/2, (1—128)| 
froio «10 

100 
2 “27 7. 1.08) héprg 27 ( _ | (26) 

v i. 3 fg ~ 7 (0.87689 — 1.33) 

This coil can be constructed by winding conductor of width 2U about the axis and adjusting the 

In this e, the curren’ s proportional to 1/Y within the zone, the wale of h/(frgjo) is in- 
creased “2 (R log me - ae med ad /h2pro) is Tooneaecd by (R - 1)2/(R lo e2 R). 

3.6 SIZE OF COIL 

The determination of the size of the coil may be an economic problem. One example of this will 

suffice. Consider the coil illustrated in Fig. 3.5. It will be assumed that the costs of the magnet can 
vided into three groups. Costs proportional to” bail can include the cost of power, generator, 

and cooling. Costs proportional to the volume may include the cost of the conductor, building, and 

saablation, Some costs do not depend on the size a the coil and do not influence the economic adjust- 
ment of the coil size. The equation for the size of the coil is 

= _ 452 h_ [pC 
S(S - 1.08) = iz ce (27) 

where ri = cost proportional to power, per 
.y = costs proportional to volume of conductor, per cm3 

3.7 CONCLUSION 

‘he appropriate design of a magnet depends on the field required. For low fields, ~103 gauss, 
the win required is sufficiently small, so that it is easily obtained, and the power required is 
sufficiently small, so that a complicated design is seldom required. For fields of 105 gauss and 
above, the situation is quite different; the power and maximum current density become important 
factors and more complicated designs are useful.
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It has been shown that it is possible to closely approach the best that can be done with relatively 

termining the design of a coil which has zones bounded by planes of constants r and Z (cylindrical 
coordinates) depends on the solution of simultaneous transcendental equations which could be under - 

aken for each design but not in a general treatment. 

The maximum current density which can be used is an important factor in coil design. This 
quantity must be determined experimentally before any design can be completed. 

The use of silver as the conductor in the central ae of a coil may be worth while under 
some ivenmiaianses; as also may be cooling with: liquid a: 
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Fig. 3.1—Coil with spherical cavity at center.
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2h. 
frolg 

Fig. 3.2a— (pf*j,)/h® ) as a function of h/(froj). 

tL 
trolo 

Fig. 3.2b—Y, as a function of h/(froj,).
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Fig. 3.2c—(pf)/(h’r, ) as a function of h/(frojo).
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Fig. 3.3—Coil with rectangular zones of constant current density.
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Fig. 3.4—Optimum shape of coil. 

Z_ AXIS



128 

le ee 

‘ 
i 
' 
‘ 
‘ 
‘ 
4 

' 
' 

(FOR EXAMPLE 
\ 

S=20) 

TID-454 

. jg j= —b 
Sy +¥* 

| .MID-PLANE 
Z=0 

< i] 
N
 Bl
o 

= 

< ut wn
 

Fig, 3.5-Simplified shape of coil.



Technical Report No. 4 

DESIGN OF CYCLOTRON VACUUM SYSTEM 

By D. Rose 

ABSTRACT 

The attainment of sufficiently low pressures within ne Gee and vacuum Shamber is, of course, of 
importan the su clo! However, methods for computing the 

are we involved here, leave much. is be desired, and in 
‘ss made to re ach an exact solution, but rather to obtain a reasonable approxi- 

mation of the vacuum equipment requi: red. 
Si ce most of the components of the cyclotron which must be evacuated are of noncircular cross 

it is a as well to use these values which will result in pump oneues on the safe side. Therefore, 
sing the expression for the conductance of noncircular ducts, 

A2 
S = 400 OL liters/sec (1) 

where A = cross-sectional area in square inches 
= perimeter of duct in inches 

L = length of duct in inches 

(cf. Appendix) the correction factors K listed in Table 4.3, Appendix I, have not been applied. 

4.1 PUMPING SPEED INSIDE DEE 

e 4.1 shows the shape of the dee and illustrates the large deviation from the simple a 
oe asa in high vacuum systems. The back of the dee is to be 

long its entire ebereuariars which will have a 

tural requirements. The 

to be a continuous aluminum c 
maximum of open area consistent i struc: 

rectangular tuning stub line, attached to the rear of the dee as shown, w: 
have internal eee braces which will be perforated, as will also the sides of this stub line. Tie 

ngs are shown schematically in 
ment is that, in n addition to pumping the dee out thi 
speed, though admittedly small nevertheless va! 

n Fig. 4.2. The philosophy of this arrange- 

e openings along k of 
the dee. Part of this additional speed comes from rforations opening directly into the vacuum 
chamber proper and part by way of the tuning stub line and the openings in its sides. This additional 
pumping speed then can be considered as being in parallel with that through the opening at the mouth 
of the dee 

In order to simplify the calculations required, the conductance inside the dee is calculated, as fo 
a rectangular duct, with its cross section taken in the XZ plane and its length along the Y axis. Further, 

TID-454 129
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this. is divided into two parts, (1) a tapered rectangular ‘ to which Eq. 1 can be applied directly, a 

it is necessary t 

into account separately in combining the conductance of the dee with 
the two parallel pumping paths mentioned above. 2 

In the first om average height = 5.35 in., average width = 80 in., Aayg = 430 in.”, Oavg = 160 
Thus in., and L = 16 i: 

S’ = 400 (430)? = 29,000 liters/s: (2) = T60) (16) = 2% iters/sec 

In the second section the conductance of an incremental length of duct AL is given by 

2 
s= 400 4_ (3) 

O°-AL 

and the total conductance of a number of these in series is given by 

1 1 1 
37 aS + Sy +. (4) 

or 

L, 
11 20 
37400 “n, a2 (5) 

From Fig. 4.1, then, 

so 

While 

A = 4xz 

where Z is the average value of z, the half-height, over this section, and Z = 2.2 in. 
Now 

O = 4(x+Z) = 4x+8.8 

A = 8.8x (8) 
dL = dy 

Putting the expressions of Eq. 6 into Eq. 5 gives 

L 1 1 2 4x + 8.8 ot cee SRt 80 
Ss” ~ 400 Sf (8.8x)2 ms (6)
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which, on substitution of the dependence of x on y and the limits of integration, yields the required inte- 

gral, 

11 2.2dy 
8” ~ 7760 y2-y2 

-68.5 
- =k [sin-t (2) + 8 tanh-! (2) 

bs ¥ + -19 

(9:8) si int (18) 2.2 -1 (58:8) -1 19 
=k [faut [sin- cy tanh’ 75 tanh 7 

=k { [= (.914) — sin-1 (. aks 22) tanh-1 (.914) = tanh”! (, 20) 

=k [o. 154 - 0.263) + 22 F(t. 55-0. i. 

1 -4 gv = 0.930k = 1.2. 10 

From Eq. 2, 

be 4 ze 0.34 . 107 

so that 

1 1 
Sdee “7 1 = 1.54. 10-4 = 6500 liters/sec 

s’ s” 

The fraction of the dee which opens into the eae ae tuning stub line at its rear is taken as the 
ratio of the planar angles 6/(6 + $), as shown in Fig. 4.2, and the fraction of Sgee to be taken in series 
with the conductance of the stub line is then determined by this ratio. Now 6/(6 + ¢) = 0.31, so that 

0.31Sgee = 2000 liters/sec (8) 

4.2 PUMPING SPEED INSIDE TUNING LINE 

The conductance of the rectangular tuning stub line is computed with the cross-sectional area 
taken in the plane parallel to the Y axis and with the length L from the Y axis to the side of the stub line,
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taking into account the 3-in.-diameter perforations in the single reinforcing brace in that half. This 
d is then doubled for the two halves of this duct, giving Sy9. Hereafter, the designation of the 

ductances S of the various branches of the vacuum circuit will have the definitions indicated by their sub- 
scripts in accordance with the equivalent circuit shown in Fig. 4.3; the term ‘‘resistance’’ is used there 
to indicate the reciprocal of the conductance. The use of resistance presents perhaps a clearer picture 
through the use of an electrical analog 

With reference to Figs. 4.3 and 4.2, then, S12 is taken in series with S13, 0.31Sgee, and the 3 by 
2%-in. orifices along the back of the dee opening into the stub line, i.e., 811; this compound conductance 
is denoted by Sc- 

For S49, A = 252 in.?, O = 134 in., L = 30 in., and 

8” = 400 = 6000 liters/sec 
(252)2 

(134) (30) 

The 3-in.-diameter holes have A = 9(97/4) = 20.27, so that 

S” = 75(20.27) = 4750 liters/sec 

Thus 

mF + dys 3.77 104 

812 = 5300 liters/sec (9) 

For 813, A = 18(3) (2.75) = 148 

S13 = 75(148) = 11,100 liters/sec (10) 

For 81, A = 6(5) (2.75) = 83 

S11 = 75(83) = 6200 liters/sec (11) 

Thus for Sc there results the value 

8c = 1/[(1/6200) (1/11,100) (1/5320) (1/2000)] = 1/(9.4 - 10-4 

Sc = 1100 liters/sec (12) 

4.3 PUMPING SPEED OF REGION SURROUNDING DEE 

he conductance of the region of the vacuum chamber surrounding the dee was determined as follows: 
As is evident from Fig. 4.2, the cross-sectional area and the perimeter of what may be considered as the 
duct formed by two coaxial boxes varies in no regular way: Therefore; the conductance was approximated 
by acpaiig it into a number of short, rectangula pumping lines with the cross-sec- 
tional area A parallel to the X axis and ‘then adding these conductances in series (cf. Fig. 4.3). The sec- 

vacuum cham



TID-454 133 

The outer skin of the dee is reenforced by means of nate Structural members crossing it, 
shown in Fig. 4.2, along the section lines AA, CC, EE, and GG. ese constrictions are treated as “ori- 
eae reds compared to the area oe cane them (cf. Eq. 44, pase x II), whereas the regions be- 

hese section lines are taken to be the rectangular-shaped annular ducts with average values of 
cross-sectional area and perimeter taken as ‘nee values at the section lines BB, DD, and FF, respec- 

O, and L hav 
fined, and A is the ores cross- Penstienen area in square inches of the duct in which the eoies th is rae, 
These values are listed in Table 4.1, along with those of the conductances and the sections to which they 
apply. 

The net conductance Sa is then found from Eq. 45, Appendix II, giving 

Sa = 37,300 liters/sec -(12a) 

Table 4.1—Conductance for Sections AA to GG of Vacuum Chamber 

Type of A, A, oO, L, Conductance 
Designation Element in.2 in.2 in. in. liters/sec 

81 Orifice 3352 3648 3.1 - 108 
Sg Duct from 

AAtoCC 2182 622 16.4 1.94 - 10° 
83 Orifice 1208 1526 4.35 - 10° 
84 Duct from 

CC to EE 2068 676 18.2 1.4 - 10° 
S5 Orifice 1600 1988 6.15 - 10° 
S6 Duct from 

EE toGG 1776 536 182 1.3 - 105 
Sq Orifice 1156 1452 4.26 - 10° 

e conductance to be taken in parallel with Sa will now be determined. Since at this stage the main 

chamber in which particles are to be accelerated, the conductance Sc previously found is taken in series 
with that of the rectangular-shaped annulus about the tuning stub line and dee between sections KK and 
GG. That is, if we call this combined conductance Sp, 

4,4 i is) 

It might be mentioned at this point that the 20-in. diffusion pump at the rear of the condenser box has 
been added mainly to provide sufficient pumping speed in the region of the rotating condenser to ensure 

the required vacuum between the condenser blades. This pump will at the same ume provide some ad- 

rHsIaed, since it will not affect the evaluation of the size of the ‘iituston pumps to be included in the 
pumping leads to the sides of the vacuum chamber. 

Fo S10, A = 1624 in.2, O = 348 in., L = 33 in., 

1624)2 
rOTCn] = 92,600 liters/sec (14) 819 = 400
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For Sg, A = 1308 in.2, O = 380 in., L = 11 in., 

08)? Sg = 400 ean) = 175,000 (15) 

Thus, 

= 92.8-10-5 — 1 1 
1100 * 92,600 * 175,000 gl

- 

Sp = 1080 liters/sec 

4.4 NET PUMPING SPEED OF VACUUM CHAMBER WITH RESPECT TO SIDE OUTLETS 

The net conductance of the vacuum chamber, with respect to the side outlets of the chamber Syc, 
is now found as the combined conductance of Sa, Sp, and that fraction of Sgee opening into the vacuum 
chamber between sections AA and JJ, all taken in parallel. This latter conductance will be the sum of 
0.69Sqee and Sg taken in series. Therefore, 1 

Sg = 75(121) = 9070 liters/sec 
(17) 

so that 

(Sg. + Be) * a0 + aa = 3.33 - 10-4 

and 

(0.698gee + Sg) = 3000 liters/sec 
(18) 

Then, 

Svc = Sa + Sp + (0.69Sgee + Sg) 

37,300 + 1080 + 3000 = 41,400 liters/sec (19) 

‘vc is the conductance, as specified above, to the region of the vacuum chamber at the mouth of the 

dee, considering the two parallel pumping paths through the dee and about the dee. In order to get the 
pumping speed with respect to the region inside the dee, again as seen from the side outlets of the vac- 

im chamber, it is necessary to include the pumping speed of the dee itself through its mouth in series 
with Sq. That is, the dee will be pumped out through its mouth as well as through the openings along its 
back; the titter ‘has already peen included: n Sp and in (0.69Sgee + Sg). This conductance, which will be 
designated by Syc’, is as follow 

1 
Syc’ = Tr Tt Sp + (0.69Sgee + Sg) 

a Hi 
Ss 

= =; — + 1080 + 3000 = 9580 liters/sec (20) 
6500 * 37,300 
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4.5 PUMPING SPEED OF PUMP LEADS AT SIDE OUTLETS 

Consider the pened speed of one side arm taken in two sections in each of which the length L is 
taken along the center 

For irst —) " = (56) (20) = 1120 in. 2, O = 2(56 + 20) = 152 in., L = 24 in., and 

_ (1120)2 _ ; 
8, = 400 (153) (4) * 137,000 liters/sec 

For the second section, A =-(50) (20) = 1000 in.2, O = 2(50 + 20) = 140 in., L = 72 in., and 

106 , 
Sp = 400 (140) (72) = 39,700 liters/sec 

Then for both pump leads in parallel, 

2 1 L325. 10-5 

Sy, = 61,600 liters/sec (21) 

4.6 EFFECTIVE PUMPING SPEED WITH RESPECT TO PUMPS IN SIDE ARMS 

By combining Sy, plus Sy¢ and Sy, plus Sy’, the effective pumping speed is obtained for the region 
of the vacuum cham! at the mouth of the dee and inside the dee, respectively, with respect to the mouth 
of the diffusion pumps to be located in the two side arms, as shown in Fig. 4.2. These two effective con- 
ductances are designated Sp, and Sry’ , respectively. Then, 

——— Spi = (7S, + 1/8yo) STR eT a. = 24,800 liters/sec (22) 

Spy. = wast" = anes = = 8300 liters/sec (23) 

ld be mentioned that in obtaining these values the conductance of that half of the vacuum cham- 
he pumping speed of that half of the vacuum chamber is 

i ad 

inside the dee and has therefore been neglected. 

4.7 COMPARISON OF 20- AND 32-IN. DIFFUSION PUMPS IN SIDE DUCTS 

From the experience of other cyclotron installations it is apparent that at least 20-in. diffusion 
pumps will be required in the side pump lines, and there remains some question as to whether it would 
not be advisable to use 32-in. diffusion pumps. This is especially so, since the amount of gas resulting 
from outgassing of the large exposed surface area is a matter of eee Thus the system should be 
designed to attain the required vacuum, while handling the required flow of gas from the ion source, with 
ee excess pumping capacity available to provide for the virtual leaks to be expected from outgas- 

. Also in a system as large as this, it is unlikely that a completely vacuum-tight assembly may
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realized, so that there should be some allowance for additional pumping capacity to handle a small 
amount of inleakage. 

20-in. Diffusion Pumps 

rom the performance curve, as furnished by the manufacturer, for a Distillation Products MC- 
7000 es in. diffusion pump with an FB-01 Freon baffle and Myvane-20 oil, the following values of speed 
vs. pressure for air were obtained. 

Pp 5-10°° 3-105 2+ 1075 10-5 = g - 10-8 mm Hg 
3500 3500 3450 3410 3400 liters/ sec 

2Spp 7000 7000 6900 6820 6800 liters/sec 
Q( = Pp - 2Spp) 0.35 0.21 0.138 ~=—0.068 0.061 —_liter-mm/sec 

no sources or sinks the same quantity of gas, Q, should flow through all series elements of a 
eee, so that the following equations result. 

Q= Pg: 2SpB = Sg4(P — Pp) = SnetP (24) 

where Q = rate of flow of gas, liter-mm/sec 

Pg = pressure at throat of pump, mm Hg 

Spp = speed of pump and baffle combined, liters/sec 

P = pressure at point in system for which Sp is defined in mm. Hg 

Snet = net speed of over-all system (pump, baffle, and lines), liters/sec = 
1/(1/2Spp + SE1) 

From Eq. 24, P = Q/Sg, + Pg. The pressure P, which would be obtained in the region of the vacuum 
chamber near the one of the dee, is 
for Pp = 10- 

P = 0,068/24,800 + 10-5 = (0.27 + 1) - 10-5 = 1.27 - 10-5 mm Hg 

for Pp = 9 - 10-8, 

P = 0,061/24,800 + 0.9 + 107 = (0.25 + 0.9) + 1075 = 1.15 - 1075 mm Hg 

If 200 ml/hr is considered as a maximum rate of gas injection, this results in 4220 liters/sec at 10-5 

mm Hg, or 0.042 liter-mm/sec. Although this gas will be hydrogen or deuterium, for which the effective 
pumping speed of the vacuum system will be higher than for air, there will be very little difference in the 

pumping speed of me pi itself at these low pressures. Thus at a pressure of 1.15 - 107 5 mm Hg in the 
vacuum chamber n, from the preceding conclusions, that with 20-in. diffusion pumps there 
is little excess cin Colle available. 

32-in. Diffusion Pumps 

e performance curve, as furnished by the manufacturer, for a Distillation Products MC-10000 Fro 
32-in, aittaaten pump with an FB-02 Freon-cooled baffle and Myvane-20 pump oil, the following values 
of speed vs. pressure for air were obtained.
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Pp 10-5 9- 10-6 8+ 10-6 7+ 10-6 6- 10-6 mm Hg 
Sp 6,800 6,800 6,700 6,600 6,500 liters/sec 
2Spp 13,700 13,600 13,400 13,200 13,000 liters/sec 

Q= Pp : 2Spp) 0.137 0.122 0.107 0.0925 0.078 —iliter-mm/sec 

From Eq. 24, P = Q/Sg, + Pg. Using the values for Q corresponding to the various pressures at 
the throat of the pump Pp, values of P are obtained that may be compared with those due to a 20-in. 
diffusion pump; this also permits a comparison of the values of Q. Thus 
for Pp = 107°, 

P = 0.137/24,800 + Pp = 1.55: 10° mm Hg 

= 8- 1078 for Pp = 8-10", 

P = 0.107/24,800 + Pp = 1.23 - 10-5 mm Hg 

for Pp = 7- 10-8, 

P = 0.0925/ 24,800 + Pp = 1.07 - 10-5 mm Hg 

m the basis of the pressure which could be obtained with 20-in. pumps, i.e., P = 1.15° 107 -5 a 
Q = 0.061 liter-mm/sec, 32-in. pumps will give a value of Q = 0.10 (approximately), at the same ‘ressure. 
Thus the 32-in. pumps will handle almost twice as much gas as the 20-in. pumps, and the decision to use 
32-in. pumps is an obvious one. To this pumping capacity, of course, will be added that available through 
the 20-in. diffusion pump at the rear of the condenser box. 

4.8 PUMPING SPEED AVAILABLE THROUGH CONDENSER BOX 

is desirable to include now the contribution of the 20-in. diffusion ae located at _ rear of the 
condenser box to the over-all pumping speed, both with respect to the region of the vacuum chamber near 
the mouth of the dee and to the inside of the dee itself. The net conductance ‘ot the vacuum chamber and 

2 
and Sr’ , respectively. For the present purpose the region occupied by the rotating condenser and stator 
blades is taken as being completely filled by them, except for the three parallel pumping channels, as 
shown in Fig. 4.2. 

The conductance of the annular space between sections AA and FF is now taken in parallel with that 
through the side openings of the dee; this is designated Sg. Then (cf. Figs. 4.2 and 4.3) 

1 

WT kyighgigd ~L, i 
8; S2 S3 Sq S5 286 Sg 0.69Sdee 

S, = 49,000 + 3000 = 52,000 liters/sec (25) 

This conductance will be in series with that of the annulus between sections FF and KK. Designating this 
combined conductance by Sp, 

Sp = T,1,1,1,2 = 23,800 liters/sec (26) 

8, * 286 * 87 "89 * S10 

The conductances Sp and Sc will be in parallel, and their combined conductance will be in series with 

combined conductance of S14, Sy7, and Sjg, all taken in series.
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Thus 

ed 
Sp+Sc 814 S17 S49 

is made up of the three parallel ducts, the outer two being identical, for which the speed is com- 
eon as witene a long duct, and an end ae is a as an orifice correction. 

the center duct, A = 1 i 

Sorifice = sions) = 15,800 liters/sec 

Squct = 400(210)2/(61) (23) = 12,600 liters/sec 

. S’ = 1/(1/15,800 + 1/12,600) = 7000 liters/sec 

For the outer ducts, A = 240 in.2, O = 64 in., L = 23 in., 

Sorifice = 75(240) = 18,000 liters/sec 

Sauct = 400(240)/(64) (23) = 15,700 liters/sec 
This is for one of the ducts. Therefore the combined speed of both of them is 

S” = 2/(1/18,000 + 1/15,700) = 16,800 liters/sec 

Then 

Sy7= S’ +S” = 16,800 + 7000 = 23,800 liters/sec (28) 

For Sy9, A = 1680 in.2, O = 208 in., L = 15 in., 

819 = 400(1680)2/ (208) (15) = 362,000 liters/sec (29) 

Putting the values from Eqs. 28 and 29 and that previously obtained for S1Q (which is the same as 
S14) in place of S14 in Eq. 27, 

Se = 10,500 liters/sec (30) 

The only change required to obtain Spo’ is to include in series with the conductance between sections 
AA and FF that of the dee itself. Then 

+ 

man i + +a += Yo 
See * i zs a 0. Teac * Sg 

Sa’ = 8740 liters/sec 

Using this value of Sa’ in place of Sq in Eq. 26 get Sp’ , which is to be put into Eq. 27 in place of Sp. 
‘inally, 

Sk2 = 4750 liters/sec (31) 

e preceding values of conductance have all been for air. The conductance for hydrogen will be 
. In sum: 

he 

greater (cf. Eq. 40, Appendix I) by the factor VMair/ Myo’ = 29/2 = mation, the values of 
the effective pumping speeds of the system are tabulated for both air and fiydtogen 

SE1 SEI’ SE2 Sx’ 

Air, liters/sec 24,800 8,300 10,500 4,750 
Hydrogen, liters/sec 94,000 31,500 40,000 18,000 
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4.9 NET SPEED AND PUMP-DOWN TIME 

With the arrangement of the three diffusion pumps as shown in Fig. 4.2 and the effective pumping 
speeds listed above, it is now possible to obtain a curve for the net speed of the combination in the high- 

net speeds vs. pressure in the vacuum chamber, the combined net-speed curve is obtained by adding the 
individual net speeds at corresponding values of. pressure in the vacuum chamber. The curve obtained 
in this way is shown in Fig. 4.4. 

Figure 4.6 shows the final arrangement and choice of vacuum pumps. Each of the diffusion pumps 
is backed by a Distillation Products MB-300-06 booster pump and a Kinney DVD-8810 mechanical pump, 
and each forms an independent parallel branch, since the valves in the cross connections will normally 
be closed. The speed curves calculated for the three diffusion pumps in parallel, the three booster pumps 
in parallel, and the three mechanical pumps in parallel are shown in Fig. 4.5, where the speed is given 

mined, an approximate but somewhat too high value of the net speed in this pressure range is obtained. 
The conductance as found for free molecular flow will actually be too low a value for this higher pres- 
sure aarti but this will tend to compensate for the assumed speed. 

otal volume of the vacuum retort is 15,000 liters. Noplecting outgassing and assuming a per- 
fectly tn system, the pump-down times are as follow. 

1. Roughing cycle, time equired to pump down me 760 mm Hg to 45 y, with the aid of the Kinney 
DVD- iin 30 min 

2. Finishing cycle, time required to pump down from 45 yp to 4- m= mm Hg, 3 min 
3. Total pump-down time from 760 mm to 4 - 10-8 m m Hg, 33 m 
4. Recovery time for a gas burst of such magnitude as to bring the pressure in the vacuum chamber 

from 4 - 10-6 to 10-3 mm Hg, ee sec 
The pressure of 4 * 107 Hg represents the approximate pressure which can be obtained in the 

vacuum chamber with a gas sawenin of 200 ml/hr or 0.042 liter-mm/sec. The speed of the diffusion 

pumps is not accurately known for hydrogen or deuterium at these low vad nt but it will be onl 
slightly greater than that for air, and this value of limiting pressure is based on the pump speeds for air. 
The fact that the conductances are considerably antl for hydrogen, orsiene will have very little ef- 
fect toward increasing the net speed in this regio’ 

4.10 Description of Vacuum-System Components and General Layout 

Figure 4.6 shows a schematic arrangement of the vacuum system ae whereas Fig. 4.2 
shows more specifically the points of attachment of the diffusion pumps. of the diffusion pumps is 
connected to the underside of an extension of the vacuum chamber ee me intermediary of a flange- 
connected Freon-cooled baffle. The extension of the vacuum chamber consists of the two side ducts in
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the case of the 32-in. pumps and the condenser box in the case of the 20-in. pump. Each diffusion pump 
is preceded by a pneumatically operated high-vacuum valve, which has its sealing disk located in the ex- 
tensions of the vacuum chamber directly above the diffusion pump and seals, against the Freon baffle 
fla 

e fore - outlets of the diffusion pumps are connected directly to 8-in. booster pumps through 8-in. 
steel tubing containing a 6-in. manual high-vacuum valve. These lines are cross-connected by similar 
lines containing 6-in. manual high-vacuum valves. These cross-connections are normally closed, so 
that the three pumping channels operate as independent parallel camels, They permit, howev 
backing of all three diffusion pumps by a combination of any two of the booster pumps, should any one 
of the booster or mechanical backing pumps become inoperative, merely by closing off the valve in the 
pooster dine and opening the cross-connecting valves. In this way full high-vacuum operation may still 
be ob’ . The booster pumps are each backed by an individual mechanical roughing pump through 4-in. 
steel ‘alee contain -in. manual high-vacuum valve. This line also contains a b nee! Gonpection 
through a %-in. solenoid-operated high-vacuum valve which will be opened automatically n the 
chanical pump is shut down so as to break the vacuum in the line and prevent the pump ail from backing 

fe mechanical roughing pump is connected directly to the vacuum chamber proper through 
8-in. steel tubing attached at a convenient location on one of the side pumping ducts. This line contains 
an 8-in. electrically operated, automatic high-vacuum valve as well as the bleeder connection described 

The supports for the diffusion pumps will be adjustable over a short distance, so that the diffusion- 
pump flanges may be drawn up tightly against their gaskets. Thus the piping connections to these pumps 
will have a flexible metal connection to permit the piping to be permanently fixed in place while permit- 
ting the previously Similarly, the mechanical pumps will be connected to their 
pumping lines through a flexible metal connection to prevent ceaueiiteati of vibrations from the pumps 
through the piping. All flexible connections will be made ina vertical run of piping in order to prevent 
any possible accumulation of oil within them. 

e 32-in. diffusion pumps, Distillation Products MC-10000 oil diffusion pumps with 208-volt See 
require a heater input variable from 5 to 7 kw. A forepressure of 60 u is required for their operatio 
Two are requi 

The 20-in. "arian pump consists of a Westinghouse casing modified with a Distillation Products 

7000. Heater bite" required is from 3.5 to 4.5 kw. Forepressure required is 50 ». One is required. 
The 32-i fles, Distillation Products FB-02 32-in. Freon-cooled baffles, designed so that the 

baffle mt wait serve as the va at. Two are require 
The 20-in. baffle, Distilintion’ Proaueks FB-01 20-in. Freon-cooled baffle, also designed so that the 

baffle flange s serves as the valve seat. One is required. 
The 32- and 20-in. high-vacuum valves are pneumatically operated valves designed by the Nuclear 

Research Center engineering staff. Each is operated by two air pistons through a li arrangement 
and designed to lock the valve in either the fully open or closed position. They will close automatically 
and swiftly at a ae madane pressure and lock closed, so as to hold shut even against atmospheric 

pressure. Two 32-in. and one 20-in. valves are required. 
The ster pumps, Distillation Products MB-300-06 booster pumps with 208-volt heaters, require 

a heater input of from 1.5 to 2.5 kw. Forepressure required is 160 u. Three are required. 
he mechanical backing pumps, Kinney DVD-8810, have 208-volt 5-hp motors and 208-volt solenoid 

valves in the oil line. Three are required. 
, mechanical roughing pump, Kinney DVD-14918, has a 208-volt 15-hp high-starting-torque motor 

for automatic operation of the hive jp and a 208 volt coals valve in the oil line. One is required. 
Five is manual rips high-va valves, three 4-in. manual Distillation Products _ 4 high- 

vacuum valves, four %4-i sla a operated: Disttintion Products SV-02A high-vacuum valves, 
ores issih He Penis KVSB-1 high-vacuum valve, and one 8-in. motor-operated meena Prod- 

s QSV-8 high-vacuum valve are required.
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eon compressor unit of 1-ton capacity will be used to supply the Freon baffles with refrigerant. 
It is estimated that a ¥2-ton capacity would be ample to handle all three baffles, so that there will be ex- 

cess capacity available for any future additions, such as Freon-cooled baffles at the mouth of the MB- 

300 booster pumps, if a should be require 
All vacuum lines ai e to be seamless steel tubing with all direct connections to be welded. Flanged 

connections are to be made up of welding neck flanges with double O-ring gasket grooves machined ina 
standard flat face flange and provided with a pump-out connection between the two gaskets 

4.11 OPERATING PROCEDURE 

Starting up the vacuum system nate or a complete shutdown, necessitates the following sequence 
of ca oe most of which will be autom: 

. Turn on the cooling water to the ditfusion, booster, and mechanical pumps. This cooling water is 
supplied dineety from the house water system, rather than from the recirculating-water system, so that 
the temperature of the water will be approximately 60°F. This wiped hing is supplied from a common 

Ore te and booster-pump casings at a point above the heaters, in order to shut them off, if the tempera- 
‘e becomes excessive. The action taken by the various interlocks will, of course, be indicated on the 

cmirat Loe el. 

2. The 6-in. manual valves in the cross-connections between the booster pumps should be closed, 
and the 6- and 4-in. manual valves in each of the three parallel pumping channels should be opened. The 

close as soon as power is supplied to the pumps. The motor-operated valve in the roughing 1: 

hen the roughing pump is turned on (so long as the pressure on either side of the valve is approximately 
equal), and the vacuum cha now be. vonghed out. In the meantime the sma! mechanical pumps 
are score out the three parallel high-vacuum pumping channels up to the closed, pneumatically oper- 
ated valv 

4. Sim ultaneously with step 3 the Freon compressor is turned on. Turning the compressor on at this 
stage will allow the age baffles to become sufficiently cold by the time the diffusion pumps are heated up. 
The hd eee to mechanical pumps will be interlocked with that of the compressor motor 

n the forepressure of the diffusion pumps reaches 50 ,, the heaters to the booster and diffusion 
pumps are o wurne do 

6. After enproximately 30 min, the roughing pumps will have brought the pressure in the vac 
mber down to 45 y. At this pressure in the vacuum chamber the motor-operated valve in the roughing 

fine will close, and the roughing pump will shut down, its bleeder valve opening as the pump shuts off. 
7. Simultaneously with step 6 the pneumatically operated 32 and 20-in. valves will open, if the pres- 

sure on the diffusion pump sides of these valves is below 50 u, permitting the three pumping channels to 
continue pumping down the vacuum chamber which will attain its operating pressure of approximately 
4-10" ctua! e i 
determinately longer time will be required due to the outgassing which will take place, especially at the 
initial pump down or after the chamber has been open to the air for some tim
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4.12 AUTOMATIC FAULT SEQUENCE 

If a leak should occur in the vacuum system, the vacuum components will automatically follow a 
sequence of shutdown, depending on where the leak occurs. If the leak should be in one of the parallel 
um pin; he ul i hannels, t! neumatically operated valve will close off this channel from the vacuum chamber 

the forepressure of the diffusion pump reaches 50 0 heaters on both the booster 
diffusion pumps in this channel will be turned off when the forepressure of the diffusion pump S reache: 

leak is on the exhaust side of the booster pump, this pump will very shortly become blocked 
(at a forepressure 160 ,) and raise the forepressure of the diffusion pump to that value which shuts 
off both their heaters and the pneumatically operated valve, as rane above. Full high-vacuum pu 
pumping capacity may then be restored at will by shutting off the 6-in. manual valve in the line connect- 

ing the booster and the diffusion pump, if the leak has eensxed on the booster- or mechanical-pump side 
of this valve, and by opening the cross-connecting valves. The diffusion pump will then automatically 
return into operation, when its forepressure reaches the value required to turn on the heaters and open 
the a meured operated ba 

the leak has occurred o1 diffusion side of the 6-in. manual valve in the diffusion-to-booster 
pump conneeiion, it will be «necessary to keep this channel out of service until it is convenient to search 

manually shorting out the vacuum-pressure interlocks, so as to be able to manually return the mechani- 
cal backing pump and the booster pump into operation. The ultimate pressure obtained at the outlet of 

the booster pump, which should be 10- 4 mm Hg, or lower, and which should be attained in a very short 
time, will indicate whether or not the leak is in that part of the circuit. 

If ak should occur in the vacuum chamber, all three pneumatically operated valves will close 

allotted, a time-delay circuit will shut off the roughing pump circuit only. The three parallel pumping 
channels, which have been shut off from the vacuum chamber, continue to operate in either of the above 

APPENDIX I 

CONDUCTANCE OF DUCTS OF NONCIRCULAR CROSS SECTION 

The rate of flow of gas in the region of free molecular flow for a duct of variable cross section was 
given by Knudsen* as 

Q= 1 Py P2 

va OW 
S a parameter of the form and dimensions of the duct only and W y/pj may be considered as the 

“‘resistance’’ of the duct to the flow of the gas 

L 
3 (0) 

“ay i aed be 

(32)
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where O = are of the duc 
A = cross-sectional area a the duct 

Py = eatia of density to pressure of the gas, p/p 
Py — Pg = Gene drop across the length L of the duct 

Q = rate of gas flow in consistent units 

Since for a perfect gas pV = nRT and n = w/M, pV = wRT/M, 
where V = total volume of gas 

= number of moles of gas in that volume 
i nstant 1 gas col 

T = absolute temperature 
w = mass of gas in volume V 

molecular weight of gas 
Since p = wy, /P1 can be written as follows: 

w M 9 xls Wat (34) 

Putting the value for /, into Eq. 32 results in 

RT = 
Q= yr hy” (35) 

For ducts of constant cross section throughout the length L, Eq. 32 is directly integrable, giving 

w=3 (toe (36) 

which, when used in Eq. 35, gives 

2 BTS te — ay) (37) 

Equation 37 may then be written in the more familiar form 

Q = S(py — Pg) (38) 

where S is the ‘‘conductance”’ or ‘‘speed”’ of the tube, and is given by 

_8 ind 2 RT = (39) 

A formula for the conductance of a circular duct can be obtained directly from Eq. 39 by putting 

A soo( HEY 1 _ x3 SA 
mD 

Then Eq. 39 becomes
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Now R = 8.312 x 107 ergs/mole, °K, so that 

“1 1/8:312 x 10° D3 
in rr rs a 

1 /8.312 x 107 (273)T D3 
8=¢ ven 273M Lt 

or rewritting this as 

so that 

3 -+ 4) __T_D' S= 1 (2 5) (15.1 x 104) 373M L 

or, finally, 

S=6.3 x 104 ss p3 em3/sec (40) 
. 273M L 

In this form Eq. 40 agrees, for example, with the formula for the pumping speed of a circular tube, neg- 
lecting the end effects of the tube, as given by Shoupp.2 

Equation 39 can be expressed in a more directly applicable form, as follows: If the gas is assumed 
to be air, M = 29, and if a reasonable and convenient value is chosen for the temperature of the air, 

'K, then 

s- 82 /a.312 x 107 (300) a2 
“3a 29 OL 

2 
$= 6.25x1044A~ cm3/sec 

OL 

By converting this in terms of liters 2nd changing the dimensions in which A, O. and L are to be meas- 

ured from centimeters to inches gives 

6 Aa S = (62.5) (2.54) OL liters/sec 

Finally, then* 

A2 
S = 403 OL liters/sec (41) 

where A = cross-sectional area of duct, in.? 
O = perimeter of duct, in. 
L = length of duct, in. 

For convenience of calculation the value 400 is used rather than 403; the results are hardly affected 
since the formula is only an approximation.
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ust be emphasized that Eq. 41 is directly applicable to ducts of approximately circular cross 
section, ani that, when ae a acts of other than circular cross section, sizable errors may 

troduced as indicated in Table .In Sa calculations Clausing* deduced more accurate rane 
for the conductance, in Deedes vith-wi ich those values resulting from Eq. 41, for various ratios of 
width a to height b for a rectangular duct, result in the percentage errors listed in Table 

Table 4.2— Percentage Error in Conductance As Calculated from Eq. 41 

a/b 1 2 3 
Percentage error -11 -15 -20 

Values? of the correction factor K, by which the right side of Eq. 41 must be multiplied to give a more 
accurate value of conductance, are listed in Table 4.3. 

Table 4.3—Correction Factor K for Eq. 41 

a/b 1 1.5 2 3 5 8 10 
K 1.108 1.126 1.151 1.198 1.297 1.400 1.444 

REFERENCES 

1. . Loeb, ‘‘The Kinetic Theory of Gases,’”’ 2d ed., p. 292, McGraw-Hill Book Company, Inc., 
ee vik) 1934. 
2. W. E. Shoupp, Westinghouse Research Report R-94318-B, Jan. 6, 1943, 
3. C. E. Normand, Design of High Vacuum Systems, Ind. Eng. Chem., 40: Fas 18a, 

APPENDIX II 

SUMMARY OF CONDUCTANCE FORMULAS 

Free-Molecular-Flow Regio: 
For long ducts of ceo a cross section, neglecting end effects, 

S = 400 a2 = 4 or ta 
For an orifice small relative to the area surrounding it, 

S = 75A (43) 

For an orifice large relative to the area surrounding it, 

A 
S = 75A Z-A (44) 

For conductances in series, 

ety. (45)
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For Conductances in parallel, 

Stotal = 81 + 82 °°: (46) 

In all the above formulas 

= free cross-sectional area of duct or orifice, in. 2 
i = total cross-sectional area of duct, in. 2 in which orifice is situated 
O = perimeter of a et in. 
L = length of duct 
S = pumping oak, Titers/sec 

/ 
N
A
N
 

7
X
 

Fig. 4.1—Dee and stub line. (All dimensions are given in inches.)
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Fig. 4.2— Vacuum chamber in cross section. (All dimensions are given in inches.)
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Fig. 4.3 — Equivalent circuit of pumping ‘‘resistances’’ of vacuum system. 

FIGURE 4.3 RESISTANCES DEFINED 

(With reference to Fig. 4.2) 

The ‘‘resistance’’ (reciprocal of the conductance) is shown for each element of the vacuum system 
(cf. Fig. 4.2) up to and including the diffusion pumps. In each case, except for R,, and the diffusion 

imps. the conductance, corresponding to the resistances, as defined below, is computed on the basis of 
ectangular duct with the cross-sectional area taken ina — parallel to the X axis of Fig. 4.2. With 

reference to Fig. 4.2, the resistances are defined as follo 
R total resistance inside dee up to section JJ 

R, = = resistance of orifice at section 
R, = resistance of annular duct between sections AA and CC with average values taken at 

section BB 
R, = resistance of orifice at section CC 
R, = resistance of annular duct between CC and EE with average values taken at DD 
R, = resistance of orifice at section 
R, = resistance of annular duct scapes EE and GG with average values taken at FF 
R, = resistance of orifice at s GG 

resistance of all orifices a back of dee between sections CC and JJ 
R, = resistance of annular duct between sections GG and JJ 
Ry = resistance of annular duct between sections JJ 
R,, = resistance of all the 5- by 2%-in. orifices along back of dee opening into tuning stub line 
R. £ iJ 

" = resistance inside tuning stub line taken with cross-sectional area ae the Y axis of Fig. 4.2 
including resistance of 3-in.-diam orifices in reinforcing brace: 

R,; = reuaeaiiga of the 3- by 2%-in. orifices along both sides of tuning ti line 
R,, = resistance of annular duct between sections KK and LL 
R,, = resistance of pump leads from sides of vacuum chamber up to the center line of 32-in. 

diffusion pumps 

R,, = resistance of the two 32-in. diffusion pumps and their baffles 
R,, = resistance of region surrounding rotating condenser and stator blades between sections LL 

and NN, i.e., the two outer ducts and the center duct, including the end corrections 
R,, = resistance of annuli between stator “ ats condenser blades 
R,, = resistance of duct between sections NN and P. 
R,, = resistance of the 20-in. diffusion pump > and ite baffle.
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ROTATING CONDENSER FOR SYNCHRO-CYCLOTRON 

By M. H. Foss 

A design for a rotating condenser which has appropriate variation of capacity with time is de- 

veloped, A temperature compensation method is discussed. 

5.1 REQUIREMENTS FOR THE CONDENSER 

1. The operation of the oscillator determines the variation of capacity with time which will keep 
the ion phase constant. This variation is not very critical. An approximate solution can be obtained 
by the following argument. 

mV Et ~ He 
r 

where E = total energy H = magnetic field 

V = ion velocity Vq = dee voltag: 
re radius of orbit m = relativistic mass 
f = frequency 

The change in the total energy at constant phase is 

Using Eq. 1, its derivative, with respect to time (neglect dH/dt) and Eq. 2, gives 

df _ 3 = f Vq 

From the data on the three-fourths scale oseiltator the relationship between f and Va is known to 
out 10 per cent. From this data Eq. 3 was numerically integrated. From the resulti: of 

frequency vs. time and the data giving frequency vs. capacity for the three-fourths scale osdilistoe, 
the curve of capacity vs. time was obtained. This is given in Fig. 5.1. 

2. The required change in capacity was found from data on the three-fourths scale model to be 
800 jy, but the required minimum was not * determined. This was estimated by vans to be 70 py. 

‘d . 
capacity re den: 

power supply is only able to drive the oscillator on a 50 per cent duty cy ‘leg so that the 
time for the return to the minimum useful capacity must be as great as the acceleration time. It is 
clear that more time used in the return is wasted and lowers the average beam current 

*See Technical Report No. 6. 
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4, The time required to accelerate the ions is 1073 sec, when the phase is such that half the peak 
dee voltage is used on each acceleration (the condition for maximum average beam current).* fince the 
average beam current is not a strong function of the time required to accelerate the ions, this 
can be increased to some exten! 

5. There is a minimum repetition rate at which the oscillator must be pulsed to give satisfactory 
operation of the power supply. This minimum is 100 per second but will be lowered by adding capacity 

the power supply circuit. 

5.2 DESIGN OF CONDENSER 

These requirements are satisfied by a design with the general features taken from the design by 
nkersen, Those features which are different are discussed here. The method of calculating capacity 

is discussed in Appendix 
The required curve for capacity vs. time was obtained by laying out a shaped dee stator (see Fig. 

5.2), which gave the capacity curve shown in Fig. 5.1, and by passing the best circle through the curved 

thi: ch us et w: 
en-blade rotor ink the crestor complexity of machining this shape and the higher rpm wequired to 

ctnal ain a given repetition rate seem to make the seven-blade design a poor choice. 
The dee stator subtends 27 deg at the center of the rotor, but only about 22% deg is used to obtain 

the change of 800 yy required by the oscillator; thus the oscillator can be off 50 per cent of the time. 
Since the 800 py change in capacity is obtained in iii deg of rotation, ba ion acceleration time 

will be 1073 sec if the shaft speed is 3750 . The average beam current will be slightly peel by 
making the acceleration time 1.25 x 107 “bi sec aca noe rpm 3000, giving a eepedtelan rate of 400 p 
second, 

e teeth are spaced, as shown in Fig. 5.3, so as to minimize variation in capacity with change in 
temperature. The curve for capacity vs. temperature is shown in Fig. 5.5. The calculation is discussed 
in Appendix II. 

e in the maximum capacity due to systematic errors in construction may be estimated 

from the following table. 

Construction Error % Capacity Variation 

1 Ground stator shifted, A = 0.002 in., with 0.11 A 
respect to rotor (ale to rotor center line) 

2 ‘Dee stator shifted, A = 0.004 in., with 0.10 a2 
espect to rotor ieamnilel to totor hae line) 

3 Thee stator blades too thin, A = 0.0001 i . 08 A 
4 Ground stator blades too thin, A = aod | in, 12 A 
5 _ Rotor blades too thin, A = 0.0001 in. a 09 A 

Those capacity changes which vary linearly with A tend to average out when the errors are random. 
Thus, if all the rotor blades are held to +0.001 in. thickness, an error of about 0.1 per cent might be 
expected in the capacity. 

The capacity change due to shifting the dee stator blades varies with 42 and will not average out. 

*D. Bohm and L. L. Foldy, Phys. Rev., 72: 649(1947).
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APPENDIX I 

CALCULATION OF CAPACITY 

capacity was calculated in four parts, (1) apparent capacity, from overlapping areas, (2) fring- 
ing capacity, from edge of plates covered y another plate, (3) stray capacity, from e 
covered by 

ge of plates not 
y another plate, and (4) end effects, capacity at the ends of the 

e . . 
ndenser 

ulating the apparent capacity is straightforward. Calculating the fringing capacity was done by 
aps interesting region and applying an e opriate correction, e.g., see Fig. 5.6. 

Calculating the strays was done by flux maps, , see Fig. When both fringing and stray capacity 
were ae the stray was | mapped where the field strength ae etal with it exceeded the field 
strength to the ging The end effects were estimated on the asta ofa 
model condenser, 

APPENDIX II 

THERMAL EXPANSION OF ROTOR 

The capacity between the uniformly spaced teeth of the condenser is 

11 
Co =kNA (: + é) 

where k = constant 
N = number of ad 
A = area of blad 
a = separation on one side of rotor blades 
b = separation on the other side of the rotor blades 

If the rotor expands a total amount (A) the capacity is 

N 
1 1 

C=kA > ra poBa 

ary N, 
n=1 

Changing the sum to an integral and expanding in terms of A, this becomes 

2/4 3 1\ & 1 1) Av/1 4 1 1 
C= co [i +4 fe ). a5 - ae cra: b3” b2a * baZ ree 

The formula for this condenser becomes (A in inches) 

© _1-0.308a + 30.6 a2-55 ad +.. 
Co 

This result is shown in Fig. 5.
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Fig. 5.3—Axial positions of condenser blades. Scale, 10 = 1. (The bearing below the 

bottom of the paper is fixed to the shaft; the shaft slides through the bearing above to 

allow for thermal expansion of the shaft.) 
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Technical Report No. 6 

THREE-FOURTHS SCALE MODEL OSCILLATOR REPORT 

By E. M. Williams, L. W. Johnson, and H. M. Collins 

6.1 CONSTRUCTION 

The essential features of oO baton of the final version of the three- fourths scale model oscil- 
lator for the Carnegie Institute of Technology synchro-cyclotron are shown in Figs. 6.1la, 
and in the photograph of Fig. 6.2. The principal components are the dee, ihe extension of the back ‘of 
the dee known as the tuning line, and the three stubs. The two outer stubs serve as re a the 

frequency -determining system, whereas the center stub also serves this purpose and acts as the 
coupling system for the oscillator tubes. The oscillator stub is also equipped with a soil coupling 
loop, shown in Fig. 6.1c, used to load the unwanted mode, which on the three-fourths scale model was 

i i ad li 

adjus ed. 
st of the tests with this model the oscillator grids were connected by means of straps, shown 

in Fig. 6.1b, to adjacent points on the tuning stubs. This connection was necessary to ensure sup- 
pression of the 50-megacycle m: 

6.2 TEST RESULTS 

Results of the tests yielding the highest dee voltage are shown in Fig. 6.3 for a frequency range 

corresponding to 19 to 32 megacycles in the full-scale model, except that the limits are 5 per c 

cent, the test results cate an input of 75 kw at 1 ich is practicable with the asia Lat i 
available. The fairly low ‘edficiency, 27 per cent, indicates fal it would be desirable to go ix type 
880 tubes in the final model, especially por pply capacity is available for the asarcat tubes. 
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Fig. 6.2—Photograph of three-fourths scale model oscillator.



D
E
E
 

V
O
L
T
A
G
E
,
 

K
V
 

1200 

REQURED 
TUNIN 

+ 

ange. 

EE VOLTAGE 

CAPACITY 

Py, r7.5 KV 

35 40 

FREQUENCY RANGE, MEGACYCLES 

Fig. 6.3—Typical ch istics of th 
cs 

1 
anode os ten iiongs conditions for 12.5 

fe 
en kv 

avo volng 150-kw ii input, | 27. “te se dissipation per tube for approximately linear frequency 
varit 

4000 

TU
NI

NG
 

CA
PA

CI
TY

, 
pu
t 

v
S
t
-
C
L
L
 

L
O
T



Technical Report No. 7 

DISCRIMINATOR DESIGN AND CONSTRUCTION FOR SYNCHRO-CYCLOTRON 

By C. H. Grace 

7.1 NECESSITY FOR DISCRIMINATOR 

The synchro-cyclotron accelerates ions in a circle of gradually increasing radius, When the parti- 
cles achieve a radius at which the field starts to become nonuniform, the group of ions is deflected 
out of the magnet air gap. The discriminator described in this report determines the time of operation 
of me Aeflector 

group of ions to be deflected is distributed along its orbit. The deflector-plate voltage must be 
amiied when the group is in a certain position in its orbit. The design problem was to operate the de- 
flector at the proper instant. 

The orbital radius is a function of the dee-oscillator frequency, A measure of frequency is there- 
fore a measure of particle radius. However, it is impossible to design seen ts which measures the 

frequency so accurately that even the phase of the dee-oscillator electric w: ss determined. The 
equipment thus divides into a frequency-sensitive circuit and a phase- sensitive cclrenil. The frequency - 
sensitive circuit ‘‘gates’’ the phase-sensitive circuit, and the phase-sensitive circuit triggers the de- 
flector. 

Perhaps the more difficult of these problems is the frequency-sensitive circuit. That is the 
equipment described in this report. 

This cireult must determine the =e frequency of a wave whose frequency is changing 

at a typical rate of 2500 megacycles/se 
The dee-oscillator frequency at which the deflector operates must be manually variable. ate oper- 

ator TA ine the beam at whatever particle energy (orbital radius) he desires, within limits. This 
control is smoothly variable rather than step-variable. The feature that the deflection time pens smoothly 

variable scents somewhat more complex circuits than would have been otherwise required. (See 

Fig. 7.1.) 

7.2 SIMPLIFIED DESCRIPTION OF OPERATION 

The dee oscillator produces an f-m wave as shown in Fig. 7.2. It may be desired to produce a 
pulse for the deflector when the dee-oscillator frequency reaches point P. The discriminator could do 
that by adjusting a band-pass filter for the frequency P. Then when the f-m wave sweeps through the 
filter a me band, an a-c transient would be passed by the filter 

luctance-capacity filter fends to change frequency slightly. An LC filter of the degree 
treaweney eran A aaa cannot be built. A crystal filter could be made sufficiently stable (itt ne 
eryst: ature eee, However, they‘do not permit the deflection frequency to be 
sooihiy > variab! 

The seraitad block diagram of Fig. 7.3 shows the method used. Block 8 is a band-pass filter of 
about 1-megacycle center frequency. Block 4 is a local oscillator with a frequency about 1 megacycle 
below the desired deflection frequency P. When the dee-oscillator signal sweeps through point P, the 
1-megacycle filter passes an a-c transient. The shape of the transient is shown in Fig. 7.3. Thi 
transient is rectified and its envelope triggers a pulse generator. 
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Accuracy is obtained b' ig the local oscillator and its crystals. The com- 

ponents of ise band-pass filter are also enclosed in aii a 

eflection frequency is made variable by making the frequency of the band-pass filter variable. 

The frequency of the band-pass filter may be adjusted 1 the operator to any value between 1 and 1.25 

megacycles. (The total range of deflection frequency was extended, by switching of local oscillator 
crystals, to a span of 2% megacycles.) 

1.3 DETAILED DESCRIPTION OF OPERATION AND CALIBRATION 

‘he preceding description of the discriminator is greatly simplified. Figure 7.4 gives a more com- 
plete — and the following paragraphs aia the complete discriminator equipment. 

mple of the dee-oscillator output is transmitted to the discriminator by means of a 50-ohm 
Gente fin The signal is mixed with the ‘‘o; oriental? oscillator, Block 4, operate-oscillator frequency 
phe about 1 sat pce lower than that of the dee oscillator. The mixer, Block 7, contains in its output 

rcuit a current component at the ‘‘difference frequency’’ between the ave o oscillator and the operate 
aeciuaer, The operate-oscillator frequency is constant (and accurately wn). The frequency of the 
dee oscilliator varies with time. A graph of the frequency of be: es cellar vs. time is shown in Fig. 
7.2. The output of the mixer, Block 7, varies in frequency in a manner similar to the dee oscillator, 
ut sh zero. The plate circuit of 

th r is a tuned circuit, Block 8, which transmits only those frequencies in its pass band. Thus the 
output of filter No. 8 is zero, except when the difference between dee-oscillator frequency and operate- 
oscillator frequency lies near the center frequency of the filter. When the difference frequency sweeps 
through the pass band of the wisest plate circuit (filter), an a-c transient is passed. That a-c transient 
i i thi: ee! ints is of 

edge of the ‘Square wave. the negative pulse is suppressed since it is not needed.) The positive pulse 

is the Its le; edge is produced at the exact instant at which 
the frequency of the dee oscillator reaches the desired deflection frequency. 

Calibration of Filter No. 8 

The simplified block diagram of Fig. 7.5 shows how the band-pass filter is calibrated. This filter 
moothly variable as i to 1.25 megacycles and is calibrated only at its end-points. The ‘‘calibrate’’ is S) 

oscillator is 18 megacycl 
rative olla, peck 4, is first set at 19 megacycles, and the variable- acne filter, 

med 

he ope 
Block 8 at 1 megacycle. The r (No. 7) output is then 1 megacycle, and the filter may be trim: 
for maximum response to ti signal (Trimming is accomplished with a calibrating control.) ocpnes 
of filter No. 8 is observed on a meter. In order to increase the accuracy with which the exact reso- 

nant point may be located, te subtracter, No. 21, is used to deduct the lower portion of the response. 
Thus a more sensitive meter may be used. Also, the sharpness of resonance of No. 8 is increased 

during cailbestion by means of switching. The resonant frequency is not changed by this. The sub- 
tractor, No. 21, was required in the equipment for automatic pulse-height control anyway, so it was 

ade to serve two purposes. 
To calibrate the filter at 1.25 megacycles, the operate oscillator selects the 19.25-mc crystal, 

whereas the calibrate oscillator remains at 18 megacycles. 
The accuracy of filter No. 8 is greatly imporved by enclosing its components in the oven, as was 

pointed out by Foss. Thus errors due to change in resonant frequency caused by temperature changes 
are reduced.
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Switching of Inputs to Mixer 

When the filter No. 8 is being calibrated, it is necessary to switch one input of the mixer from the 
dee-oscillator sample signal (No. 2) to the calibrate oscillator (No. 3), Since switching at these 
frequencies is often troublesome, ‘‘electronic switching’’ of the two signals is employed. The screen 
supply voltage for the dee-oscillator preamplifier, No. 2, is disconnected when calibration is to be 
performed. By the same switching operation, screen voltage is supplied to the calibrate oscillator 
uffer, No. 3b. The screen of this tube was previously dangling. By allowing the screen of the unused 

pentode (whichever it may be) to dangle, the transconductance of the tube is made even lower than it 
would be if these screens were connected to cae when it was desired to turn off that tube. When the 
screens dangle, they quickly become negative by collection of screen current. When the dee-oscillator 
preamplifier, No. 2, is on, the calibrate oaeltla tor buffer, No. 3b, is off, and vice versa. 

eens Blocks 3 and 4 

‘he frequency of the operate oscillator, No. 4, may change slightly. Any change in that frequency 
saat in a firing inaccuracy exactly equal to the frequency error of that oscillator. 

In order to minimize the frequency error, the entire oscillator was enclosed in an oven. The oven 
is thermostatically controlled so that the oscillator crystals operate at 140°F. These crystals are of a 

‘a 
At temperatures above 140°F, the te: se aia coetticient is negative, i.e., the frequency decreases with 
temperature increase; below the freque: of z oefficient, the crystals have a positive coefficient. 

The crystal oscillators, Nos. 3 and ve will msntain a constant frequency within one part in 10,000. 
the resonant frequency is in the range of 20 m ycles, an error of +2000 cycles is the greatest 

expected error. These are overtone crystals with a Fanipental frequency less than 1 megacycle. They 
operate on a strong high harmonic. 

In order to decrease the loading on the tank circuit of the oscillators, buffer amplifiers were used, 
ese buffers being operated at a bias aire grid current is negligible (Blocks 3b and 5). Furthermcre, 

grid resistors are omitted in the buffer amplifiers to increase Q. Transformer coupling to the tank 
circuit is employed. 

Buffer Amplifiers Nos. 5 and 6 

The plate circuit of the operate-oscillator buffer is a broad-banding circuit, No. 6. It is a ‘‘dead 
end’’ low-pass filter. One of the shunt arms ol the filter is e — capacitance ‘of = a sansa stage, 
No. 7. Another of the shunt arms is th uffer itself 5. 
The output signal travels down this two-; section filter toa dena ong resistance eeutatiea, The 1 eta 

to the next stage is taken off between the two cascade pi sections of the filter. This arrangement gives 

the theoretical maximum gain-band width product achievable for one tube. Distributed amplification can 
produce eeeares gains per tage than this arrangement, but each stage of a distributed amplifier has 
several tubes. 

Smoothing Filter, Block 14 

The a-c transient produced by the mixer is about 16 u sec long. Since the frequency of the carrier 
of the a-c transient aa the output of Na. 8 is about 1 megacycle, there are about 16 cycles included be- 
tween half-pow er baa of the envelope: After this transient is rected (by No. 10), it consists of 

1 pul e 
multivibrator very tate ely. If the wave form were not Hiteved to remove the 1-me; yao fe com- 

ent, errors in multivibrator firing would be in multiples of 1 usec. Such errors would probably 
exist since the phase ‘of the 1-megacycle signal does not bear a constant relationship to its aaa 

hase. In 
order to eliminate the potential error source in multivibrator firing time which was just dectribes, the 
rectified transient at the output of No. 10 must be filtered. Unfortunately it is theoretically impossible
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to filter a transient without introducing time delay. The time delay thus introduced was kept to a mini- 

time delay still remaining was compensated for by adjusting the bias of No. 19 of the ar niet aed 
The mini inliaet No. 15, was adjusted to fire at a smaller voltage, therefore at an earlier point 
the wave 

Automatic Pulse Height, Blocks 21, 22, 26, 27, 23, 24, and 16 

The signal sample of the dee oscillator may change slightly in amplitude. These changes could re- 
sult from ‘‘holes’’ in the frequency vs. amplitude characteristic of the dee oscillator. Thus, when the 

ul: 

it is adjusted to produce a pulse at some other frequency. That w have serious co! es, since 

the siz the pulse at the multivibrator grid, No. 15 ld be unknown. The multivibrator would 
caused to fire early an a-large-amplitude pulse on its grid. In 
source, an automatic pulse-height circuit was devised. This circuit could not be patterned after a con- 
est be automatic volume control because the average current represented by the narrow triggering 
pulses is extremely small. Thus the automatic pulse-height circuit had to work on a peak-readin; 
principle. The peak-reading principle was desirable in this case for another reason, namely, because 

tl 

employed. The shape of the pulse at the multivibrator grid is always the same (for any one repetition 
rate) regardless of input amplitude. Insertion of the detector element of this control, No. 21 
multivibrator grid enables it to compensate for changes in signal amplitude regardless of stele 

ey originate in the dee oscillator or the discriminator amplifiers. 

Manual Gain Controls, Block No. 12 

A manual gain control is provided on one of the pulse amplifiers. This is to adjust the feed-back 
gain (the gain of the complete automatic pulse-height feed-back loop) to a desirable operating point. 
This gain control consists of a variable cathode resistor used on a a remote cut-off television pentode. 
(It is interesting to note that when the gain of this stage, No. 12, changed manually, the gain of the 

preceding stage, No. 16, automatically changes in a direction to compensate; Thus the gain of these two 

e Thus the setting im. justs ig stage. 
No. 16, indirectly. That is, it changes the feed-back voltage of the Saat ansee alah steele so that 
the best operating bias for the automatic pulse-height amplifier, No. 16, may be realized.) 

Block 19, Compensation for Charges in Repetition Rate of Dee Oscillator 

ength of the transient at the output of filter No. 8 is a function of the repetition rate of the ace 
oscillator, As a result of this, the pulse which triggers the multivibrator, No. 15, does not always 
the same shape or duration. The peak of the a-c transient does not occur at the instant at which the es 
oscillator frequency equals the resonant frequency of the tuned circuit, No. 8. Instead, the time at which 

ransient is at a peak is somewhat later than the time at whieh the dee-oscillator frequency is in 
the conten of the filter pass band. The amount that the peak is delayed is a function of the band width o:
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filter No. 8 (i.e., the steady-state frequency response curve of No. 8), as well as a function of the rate 

at which the frequency of the dee oscillator is.changing. The repetition rate of the dee oscillator there- 

ate angie at lea of the a-c transient and thus the shape of the pulse which triggers the multi- 
» No. ~Cc 's in shape would cause errors in multivibrator firing ti 

sree eter ‘a a ompenltte for this a aonb is provided for selecting the medline rate being used. 
This control adjusts the bias on the multivibrator grid. Figure 7.6 shows how adjusting the bias can 
compensate for changing wave shapes. 

e signals are drawn with equal peak amplitudes because the automatic pulse-height circuit ac- 
complishes that (Nos, 21, 16, etc.). Since the eins yous voltage of the multivibrator may vary with 
aging of the multivibrator tubes, ‘the bias adjust: made with reference to the actual critical 

firing voltage. The method is described in the sient ai Time delays in the discriminator circuit 
are compensated by bias of the multivibrator. 

“Slide’’ Control, Block 19 

The voltage required to trigger the multivibrator may vary as the multivibrator tubes age. This 
would have serious consequences since with a sloping leading edge on the triggering pulse (at the out- 

put of No. 10), changes in critical ficing voltage would cause changes in firing me. In order to elimi= 
g . 

reference, not with ground voltage as a reference. This is accomplished by means of a alae? 
mtrol. The multivibrator grid is biased highly negative. Aas the amount of negative bias is 

ually decreased slowly until the multivibrator just starts firing. A microammeter indicates 

ages multivibrator triggering starts. The slide control is on locked in the position at which firing 
just starts. Further changes in bias use this firing voltage as a reference point. 

Multivibrator, Block 15 

The multivibrator is of the so-called ‘‘one shot’’ type. It is nonsymmetrical in order to achieve 

po: ati ers 
was suppressed by the addition of a diode between grid and cathode of the ond multivil mele tube. 
That gives the grid circuit of that tube a ‘‘unilateral’’ time constant. The time constant is different 

arity. 
Notice that two a-c transients are produced by the mixer and filter, Nos. 7 and 8. The first of 

se is used; the second must be suppressed. At the suggestion of Sutton, the second pulse is sup- 
pressed by disabling the circuit. The circuit is disabled at the time the second pulse arrives. At first, 
another method of image rejection was being considered, in which the second pulse was to be elimi- 
nated by a high-pass filter preceding the first amplifier, Block 2s This would have required opel 
in order to place a sharp cut-off point between the f: red 
dee-oscillator frequency at time of image production. “Such a ccm was designed, the filter Tothe 

treated as a continuously variable m-derived type. That alternative was abandoned in view of the sus- 
ceptibility of high-frequency switching circuits to unforeseen difficulties 

e image pulse (which is produced at the time the dee-oscillator frequency is about 1 megacycle 
lower than the local oseliiator esguene) ‘ suppressed in the multivibrator. This is accomplished by 

at its maximum wapeatlen rate. Consequently the length of the ieee square wave in micro- 
seconds must be changed for various repetition rates by switch
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Differentiation and Suppression 

The multivibrator produces a positive square wave. (The leading edge of the multivibrator square 

wave occurs at the time that the dee-oscillator eae! reaches - one triggering frequency.) 
The whole square wave is differentiated with respect to time by an Rt cuit. This is done in order 
that the output wave form of the complete discriminator may be a narrow eins produced at exactly the 

instant at which the deflector is to be fired. Upon differentiation, the leading edge of the multivibrator 
square-wave output produces a positive pulse. The trailing edge produces an undesired negative pulse. 
The negative pulse is suppressed by a diode. The positive pulse is transformed (in impedance) by the 
output stages to an impedance suitable for matching a transmission line, 

Output Amplifiers, Block 17 

Multiple output circuits are provided. The reason for using separate output tubes is that equipment 

of-an unknown nature will be connected to one of the outputs. If the equipment connected to one output 

has a large shunt capacity (or otherwise low impedance), it would attenuate the pulse for the deflector 
equipment, In order bad avol id that, a dual triode wi was — as an output tube with its grids connected in 
ical Separat e thus —— One of these outputs will be 

anentlye connected to the deflector equipme nt; jhe other may be used for experimental purposes. 
Both pate are 73 ohms. The output signal is 8 volts high (peak), 1. 2 usec long, and has a rise time 
of 0.2 bp 

Oven Construction 

An oven was designed and constructed to house some temperature-critical elements. The crystals 
which control the local oscillators, the oscillator tubes themselves, and the 1-megacycle variable- 

ri 
strips were used a fra: ork for the walls. The visible mater: s Micarta but the majority of the 
wall caniiah is sna ais “aaneaio board. The thermal pelcrertions ak asbestos board is one-fifth 
that of free air. 

The oven is designed in such a way that the back may be easily removed first, when the oven circuits 
must be serviced, The top of the oven is most easily removed second. This might some day 
necessary in order to replace one of the large variable condensers. Care was taken in the Seslign of 

‘ ste i a ai 

-in 

the inductance cannot be altered by rough handling in changin, 
I end to make final adjustments on the oscillators walle the oscillators are at their oper- 

ing te: . That means the oscillator adjustments must be accessible from outside the Mees but 

fey are Vested. ide. They are made accessible by providing holes in the back panel through which an 
adjusting screw driver may be inserted, A fuse body is used in this hole to provide a tube for rier 
the screw driver to the adjusting screw. Also the use of a fuse body provides a convenient cap for the 
hole when not in use. There is a course ijustine on the oscillators which must be made with the back 

panel off. However, all adjustments which are temperature critical may be made with the oven com- 
pletely closed.
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The thermostat regulates the temperature at 140°F. There are two 125-watt heaters connected in 
series ee the bias say ak ts are closed, dissipating 62% watts of heat power. A ther ‘mometer 
on the ont the o temperature. Felt seals are used where walls are joined and also 
auate control alate ore poner project through the oven. All materials used in the oven pena, 

etc.) were Sibel to 140°F for 17 hr and showed no i effects immediately or ater cool: 

Adjusting Instructions 

The plate circuit of each local oscillator should be tuned to a frequency slightly above its crystal 

frequency. When so tuned, it presents an inductive reactance to the oscillator tube, a condition neces- 
sary for oscillation. The adjusting condensers may be tuned while observing the amplitude of oscil- 
lations at the buffer-tube output. Figure 7.7 shows the best setting. 

7.4 SPECIFICATIONS 

Input voltage (from dee SacTNOE)y 0.003 volt rms 
10 

mption ~80 watts when oven heaters are off 
Power consumption ~*240 watts when oven heaters are on 

Tube complement, 27 tubes of eee ennee 
Probable error in firing tim 
Range of firing frequency, 19 ‘to ee cticgucgeiee, with provision for changing this 

7.5 OPERATING INSTRUCTIONS 

Turn on the power switch. 

Wait 15 sec, then turn on plate switch. 
Allow several minutes for equipment to warm up. 

To Frequency-Calibrate the Filter, Block 8 

1. Set espe, tones cae en to ‘‘calibrate.’’ 
2. Set ‘‘repetition-rate’’ s y position other than ‘‘slide.’’ 
3. Set the ‘‘r: ‘range’? switch fie fifth "lowest range; set ‘‘triggering-frequency”’ control to zero; 

adjust ‘‘pad’’ control to the position of maximum meter deflection. 

4, Set ‘‘range’’ switch to sixth lowest range; set ‘ eek: g-frequency’’ control to 0.25 megacycles; 
adjust ‘‘trim’’ control to the position of maximum meter deflection. 

5. Repeat steps 3 and 4 until no change is evident; ere lock the pad’? and ‘‘trim’’ controls. 

To Calibrate the Multivibrator Firing Voltage 

The dee oscillator must be operating to perform this calibration. 
1. Set ‘‘calibrate-operate’’ switch to “operate.” 
2. Set ‘‘repetition-rate’’ switch to ‘‘slide 
3. Turn the ‘‘slide’’ control fully counterclockwise, then rotate it ks clockwise until the multi- 

vibrator barely starts firing, as indicated by a meter deflection. 
4, Lock the ‘‘slide’’ control in this position.
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To Operate the Discriminator 

1. Set ‘‘calibrate-operate’’ switch to ‘‘operate.’’ 

2. Set ‘‘repetition-rate’’ switch to the rate of frequency modulation of the dee oscillator. 

3. Select the desired triggering frequency on the ‘‘range’’ switch and ‘‘triggering-frequency’’ 
ontrol. Their total is the triggering frequency. 

OSCILLATOR 

FREQUENCY 

DISCRIMINATOR 

RIGGERING PULSE 
TO GATE DEFLECTOR 

PHASE DISCRIMINATOR 

DEFLECTOR 

DEFLECTING 

PULSE 

Fig. 7.1—Deflection system.
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Fig. 7.2—Dee-oscillator output.
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Fig. 7.5—Frequency calibration of the filter, Block 8 

PL
 
BI
A 

“1
81
 
e
e
d
 

ul
-d
y 

va
g 

8L
T 

v
S
b
-
C
I
L



TID-454 179 

(eo) iT 

to TIME 

Fig. 7.6a—Bias compensation for change of repetition rate. Signal voltage at multivibrator 

gid, bias omitted. t, (desired time of deflection) is the time when the mixer output is at 
the center frequency of filter No. 8 of Figs. 7.4 and 7.5. A, repetition rate of 50 counts; 
sec; B, repetition rate of 400 counts/sec. 

° to TIME 

Pa =—~ 

CRITICAL Zz \400 COUNTS/SEC. 

FIRING |... NL 
VOLTAGE ~ 

\ 
400 COUNTS/SEC_- \C 

REQUIRED = 
BIAS FOR ea 

50 COUNTS/SEC 

Fig. 7.6b—Bias compensation for change of repetition rate. Signal voltage at multivibrator 

grid, including bias. t, (desired time of deflection) is the time when the mixer output is 
at the center frequency of filter No. 8 of Figs. 7.4 and 7.5.
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Fig. 7.7—Oscillator adjustment.
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