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Technical Report No. 1 

DESIGN OF CYCLOTRON MAGNETS 

By M. H. Foss 

ABSTRACT 

The study of a design presented here is directed toward attaining a large ratio of 
energy in the ion beam with respect to cost. Alternatively, the goal may be regarded as a smaller, 
more convenient apparatus. These two objectives are not completely incompatible; a design that is 
more economical than the usual is also smaller. 

The best design of a cyclotron can be obtained only by considering the problem as a whole. The 
conditions necessary to maintain an ion beam, the conditions required fo: a ne opera ation of the oscil- 
lator, and a host of other problems influence the design of the magnet. s assumed in this paper that 
the “‘other Leppert can be satisfactorily solved, if the gap has a mlishie wcominy and the field a 
suitable space depen 

By subdividi sy ing rs <n the pon of a cyclotron magnet is treated in four parts, the pole 
tips, coils, yoke, and experimental m 

The pole tips are treated in Sec. id. whi equation for the scalar potential of a mid-plane field 

that they would be obtained only wit 1 structure cr ip at its e this space 
for other parts of the apparatus, the termination of the field at the center of the gap is 

given special treatment. The termination of the field outside the gap is treated ng a seri 

picture of the problems encountered, and the results to be expected, is brome: out. 
bisibess 1.2 is devoted to coil design. Small coils make a more convenient cyclotron and reduce 

unt of steel required in the flux circuit. The arrangement of conductors and the cooling of such 
ete ra ‘studied. Equations are derived for the optimum dimensions of the coils. 

In Sec. 1.3 the pole base, yoke, and optimum field are discussed. An equation for optimum flux 
density in the pole base is derived, Since the yoke can be designed easily b 

leq ever, Zi 
eeeuter than that of vertical ai A final equation is presented for determining optimum field at 
which to operate a magnet. Like the other cost equations, it requires experimen’ 

In . y 
agni easurements can 

be made by the null method with good accuracy. Two methods for using the data are discussed. M: 
results were obtained which do not belong in a direct attack on the problem. Some of these results 
are useless and are omitted. Those which seemed worth recording are given in the appendixes. 

TID-454 5
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Appendix I contains two tables, one for the determination of the smaller root of a quadratic equa- 

tion and the other containing values of a function encountered in Sec. 1.1. 
In Appendix II a method is developed for determining the field caused by infinitely permeable 

right vata poles resting on yokes which are infinite planes. Any potential distribution on the 
pole side and yoke may be treated. 

For its suggestive value, the sry equation for a two-dimensional pole edge and yoke ex- 
cited by a line coil is given in Ap) x 

Two types of search coil for arene the field at a point are discussed in Appendix IV. Also, 
tables of P), (cos 6) are givel 

It is hoped that this work will be of assistance in designing future cyclotrons. 

1.1 POLE TIPS 

Introduction 

An important and costly part of a large cyclotron is a magnet which is energized by direct cur- 
rent aearhart in coils around the poles. The general features of such a magnet are shown in Fig. 1.1. 
In order to obtain an ion beam and to make it possible to develop the required r-f electric field in the 
gap, the magnet must a the features listed below. These are the basic assumptions on which the 

won depen 
magnetic ie 1d should be produced in a cylindrical region that contains none of the steel or 

copper bn to produce the field. This region, called the ‘‘gap,’’ should have a diameter about nine 
times as — as its axial dimension. 

magnetic field should be symmetric about a plane called the ‘‘mid-plane’’ of the gap. 
3. The field in the mid-plane should depend on the radial distance from, but not the angular di- 

rection about, a point called the “‘center’’ of the gap. 
The field should decrease with increasing distance from the center of the gap in such a way 

that the condition 

RdH _1 
n=" Har “5 o 

where R = radius, and 
H = magnetic field 

is never violated except at radii greater than any which are to be used. The desired field is one which 

decreases linearly with increasing radius to the outside ‘‘edge”’ of the gap. 
These conditions by no means fix the design of the magnet. The factor: s which control the rest of 

the design are convenience of operation, costs, and ignorance. Since the design of a magnet is compli- 

P t. 

in order to have an efficient magnetic circuit, one with low leakage, the pole tip, that part of the 
pole which projects above the nail should be as short as possible. However, a pole tip of some length 
is required by those who use a cyclotron in order that they may have access to the gap. 

The part of the pole tip which is essentially horizontal is a called the ‘‘shim,’’ and the con- 
tour of the remaining part of the pole tip is called:the ‘‘side of the pole.’’ The central part of the 
shim (to within a few half-gaps of the edge) can be treated as one problem, and the shim edge and 
side of the pole as another. 

way that the desired field can be obtained in the central part of the gap is as good as any 
other, since all of this flux is useful. The equation for the equipotentials of the desired field, i.e., a 
field which decreases linearly with increasing radius, is given, and a possible termination of the shim 
in the center of the gap is 

The termination of the shim at the outside edge of the gap and the shape of the side of the pole 
play very important roles in the performance of the magnet. Two factors are important, the ratio of 
the useful flux to the flux in the pole base and the ratio of the flux density in the gap to the flux density 
in the base of the pole.
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mathematical formulation of the shim-edge and pole-side problem is difficult because the flux 
ies from nominal to well above saturation, and the usual ways of 

ifficulty is avoided by sim- 
f the fie! 

avoi 
ply not considering the field in the steel. A number of possible terminations of! id which satisfy 
Laplace’s equation are studied. From the position of the equipotentials it is possible to estimate the 

can le as to whether 

the 
given in the sxheection, Concluuto 

Field in Center of Gap 

is assumed that the desired magnetic field for a cyclotron is a symmetric field which, in the 
mid-plane, decreases linearly with increasing radius. These properties may be expressed by 

V(+24) = -V(-24) V0" 

and (2) 

Hy =1-A 
#0 * 

where H,, A = constant 
y: scalar ringiees 

cylindrical rubies te field does not depend on 6) 
The sotealnist and field are apes in Fig. 

The scalar potential of such a field i: 

Vv 
i" Arf -z 

where 

t=} [3x Ve2 +14 (1— 2x) sinh“! x (3) 

and 

If the field is to fall off to 1 — 6 of its value at the center when the radius is (x9), then 

A=o 
TO 

and if steel had infinite permeability then it should be given the shape of the equipotential surface 
en b: 

V =-H,S (4) 

where S, a constant, is one-half the nominal gap height. The equation for the shape of this equipoten- 
tial surface is found by substituting Eq. 4 into Eq. 3.
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$f oe = Zo yee TB +s= 0 (5) 

A method and tables for solving this equation are given in Appendix I, and a typical solution is given 
in Fig. 1.3. 

Shape of Shim 

Since the permeability of steel is not infinite, the shim will not have the shape of the equi 
tials given in the previous paragraph. e analytic solution indicates that a spil 

» ev al -scale magnet. When the field shape without the 
spike is known, the dimensions of the spike can be estimated by the method indicated in the next para- 
graph. 

The extent to which Eq. 5 gives the correct shim shape away from the center depends on the 
shape of the pole and the field at which it is to operate. The contour of the shim when the steel surface 
is not an equipotential is best determined Se An approximate shim can be put on a pole 
which otherwise has its final form. The al of the steel surface is then determined by direct 
measurement or by a numerical calculation oa the field in the mid-plane of the gap. The surface ¢ can 
be reshaped according to Eq. 3 assuming that the potential of the steel surface at a given radius doe: 
not vary. Equation 3 can be replaced by the more convenient equation: 

zwi-iaSr)¥ (6) 
Ty ] He 

to good approximation when the radius is greater than a few half-gaps. 

Estimate of Spike Dimensions 

e the spikes will have a flux density well over saturation, the field in the gap may be taken 
appeanimnstely as the sum of the field which would be obtained with no spikes present, plus that of 
permanent magnets shaped like the spikes with their magnetization, M, given by 

1 1 qq (BW =M=7 Bs (7) 

= intrinsic flux density of the steel. If the spikes are cylindrical, the field due to them may 
ee Hates t approximately as that of point charges placed at their tips with stre: 

m=MA 

where A = cross-sectional area of cylinders. In this case, the field due to the spikes may be deter 
mined with reasonable accuracy as the field due to the point charges at the tip of each spike and their 
images in the poles to which they are adjacent, This gives the equation 

x,] _2m{___(-h/s) +b/s) 
22-0 5 ° 2, 21% (8) 

[a —h/s)* + () [eo + vo +(E :) 

where s = height of half-gap 
h = height of spike
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This function is given for a particular case in Fig. 1.4. If a field of this shape added to the field present 
without the spike is satisfactory, then the proper adjustment can be made by using a cylindrical spike 
with suitable area. 

e spike should require a radius of the same order of magnitude as its height, it may be de- 
sirable to have it tapered at the tip to reduce the demagnetizing field of the induced poles. 

Shim Edge and Side of Pole, Introduction 

The linear decrease of the mid-plane field with increasing radius can be produced by the potential 
given in Eq. 3 to within about a half-gap of the outside radius of the pole. At greater radii, the linear 
decrease is not maintaine? due to > the influence of the outside edge of the pole. It is necessary to know 
what departures from linearity are permissible. 

in order that the eenanansed ——— for vertical focusing of the beam may be maintained, the 
field must decrease with increasing radius. The exact amount depends on the height of the ion beam and 
other factors connected with the ion orbits. 

e condition on the maximum rate at which the field may decrease is more satisfactory. The 
Berkeley Group* has shown that at the radius where n = 1/5, n being defined as 

n=-5 (9) 

where r = radius 
H = field 

a vertical defocusing of the ion beam occurs. Thus the condition n « 1/5 must be satisfied for all 
radii less than the maximum which is to be used. The problem of shaping the shim edge and pole side 
is one of obtaining a pole which will give the required energy in the ion beam with the least steel, cop- 

el 
This procedure is only valuable for the a’ which the results offer. The design of the pole 

tip must be completed by experimental, cut and try procedures. The treatment of the problem in 
dimensions was attempted. The equations for determining the field due to poles which are right cdreulax 
cylinders resting on yokes, which are infinite planes, (with any distribution of potential on the pole sides 
and yokes) is given in Appendix II. A glance at this work will indicate that the labor involved is incon- 
sistent with the usefulness of the results. 

The i é naning of the shim edge and pole side are the same in a two-dimensional as in a 

three-dimensi magnet. Thus a study of the problem of terminating the field of a two-dimensional 

ch 0! gives 
numerical results which are approximately correct for a three-dimensional magnet. The field problem 
is solved in two dimensions and interpreted as the field present in a plane which contains the axis of the 
three-dimensional magnet. The errors made in this way depend on the geometry under consideration 
and the results required. For example, Fig. 1.5 shows portions of two flux maps for the same magnet. 
These maps were made with the standard procedure for mapping in air and copper. The top figure is a 
three-dimensional map, and the shaded area is the first tube of flux which enters the side of the pole. 
The lower figure is a two-dimensional map with the corresponding tube shaded. The points marked 

*D. C. Sewell, L. —e and J. Vale, Phys. Rev., 72: 739(1947); D. M. Dennison and T. H. Berlin, 
Phys. Rev., 70: 58(19
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y = 3 are three half-gaps from the mid-plane, and at these points the difference in the leakage indi- 
cated by the two maps is about 0.16 tube. Each tube of the three-dimensional map carries about 1/6 of 
the total flux. Thus the error in the total flux at y = 3 made by interpreting the two-dimensional map 
as the field of a three-dimensional magnet is less than 3 per cent. Further approximations are intro- 
duced in the subsection, Square Equipotential. 

It is necessary to bear in mind that the primary object of these calculations is to obtain reasonable 
goals for experimental design and to suggest methods for obtaining these g 

Square Equipotential 

‘ield due to a square equipotential is obtained with a Schwartz transformation. It is presented 
here hecause it is a simple example which illustrates the approximations and calculations which will 
be employed in the later problems. It is clear that a square steel corner will not produce the field de- 
rived below, dhe it is probable that a suitably shaped shim edge and pole side could produce a field very 
similar to this o1 

he field V = "4 is analytic in the complex 2 plane, 24 = rj eifl - X1 + iy;. By means of the 
transformation, 

pee ai v4y+l (10) 
Zy ce Zy 

this field may be mapped in the complex z plane. This gives the field of an equipotential with a square 
corner. This cess is shown in Fig. 1.6. 

. 10 is 
S pro 

The integral of Eq. 

a=t|2 yz +1+ log pie (11) 
1 a +141 

The field in the z plane is 

-1 . 
av 1/az zi --5 = =H 
Oz (ee) Z,+ 1 (12) 

and the field in the mid-plane, 2; = x; > Ois 

av__aVaz_ _ 
Hy = ay az dy yxy +1 (13) 

Note that this is a homogeneous rather than a linearly atch tometia field apart from the a of edge 
of the gap. The problem wi will be studied in the following p: raph is that of ter: - 

This greatly simplifies the problem and does not reduce the usefulness of the results. 

To determine the point where n = A the derivative of the field with respect to x is required. 
5 

dH, dH, ax. 
ay Slim Xt 

@xX Oxy dx 2 (xy + 12 ; (14) 

Recalling the definition of n, Eq. 9, 

new yl 
Hy dx = 2 (x, +1)%
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r is the radius at which n is computed; if m is the radius to the edge of the pole, x = 0, measured in one 
half-gap, then 

r=m+2|2 yap i+log Vqtict (15) 
Vere l+l 

The equation for xj where n = 0.2 becomes 

1_ mt Xy xX] ai xX, +1-1 
sje = hk 5 1 16) 5° 2 (+e xy+1 72 Rok oe ( x + +) (16) 

Cyclotrons are gente built with the ratio of pole diameter to gap height m, of about 9. By taking m = 9, 
the solution to Eq. 15 i 

Xy = 0.0165 + (17) 

and using this result in Eq. 11 gives 

=-1.108 (18) 

The field at this point is given by Eq. 13, and the radius is given by Eq. 15. 

Ho = 0.9917 p= 1.89 fe 0.877 (19) 

where pis the value of r where n = 0.02. 

The leakage flux must also be computed. To obtain the leakage, write the imaginary part of Eq. 11 

—2y=uUy 1<u 

iz=y =2 yuy-1 ++ arctan 2yy-d WS (20)* 

Equation 20 is solved for various values of u,, thus giving the point on the pole where the leakage into 
the side totals (log u,)/7 tubes per half-gap of pole circumference. 

aX leakage uy y 

0.5 0-5 1.082 
1.0 e 1,249 
1.5 el-5 1,503 
2.0 ea 5 1.85 
2.5 e 2.31 
3.0 8 2.92 
3.5 e3-5 3.71 

A graph of these results is given in Fig. 1.7. 

*Equation 20 may be expressed by 

y 2 V1 > eC (21) 
Sh 2 (n1)2(2n - 1)? 

which is convenient for large uy.
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y taking ane the example m = 9, the average flux density in the pole, in a plane of constant y, can 
be aang e the accuracy of the calculation is limited when the two-dimensional analysis is ap- 
plied to the fice miimendio nal problem, certain approximations will be made. By taking the field inside 
the useful radius as one, the useful flux is, from Eq. 19, 

1(7.89)2 = 196 tubes 

The leakage flux into the top of the pole is (Eq. 17) (— 2 log x) per half-gap of mean circumference, or 

7.89+91 
Qn a log = 69 tubes 

1 
0.0165 

and the leakage into the side of the pole from the corner to three half-gaps from the mid-plane is (see 

ii , 

27x 9 ah 55 tubes 

The flux efficiency may be defined as the ‘‘useful’’ flux divided by the total flux at some plane in the 
base of the pole. In this work, the plane is taken as the y = 3 plane since the two-dimensional analysis 
is fairly accurate to this distance. Thus, 

flux efficiency = F = 0 - 0.61 
3 

1p2H, 

oy= 

where Hg = field where n = V5 
= radius where n = 1/5 

The average flux densities are, at y = 1, flux density = 1.04, and, at y = 3, flux density = 1.26 = 
‘0 summarize, a magnet with a square equipotential which has a ratio of pole diameter to eB 

height, m, of 9, has a useful radius of 87.7 per cent of the pole radius, a flux efficiency of 61 per cent, 
and a flux density of 1.26 per cent at a distance of three half-gaps from the mid-plane. The field at 
the point where n = 0.2 is Hg = 0.9917. 

It will be noted that the effect of the coils which energize the magnet has not been mentioned in the 
above discussion. Neglecting the coils is a reasonable approximation if most of the coil is below the 

int where the flux is deter xample, the c two-dimensional treatment given above 
indicates that one tube of flux enters the side of the pole between the top of the pole, y = 

int on the side where y = 3, as is indicated in Fig. 1.7. The -dimensional flux map for a simila: 

proximate nature of the flux map. 
When the effect of the coil cannot be neglected the two-dimensional analysis can still be used. an 

example of a pole and yoke energized by a coil which consists of a single wire is given in Appendi 

Criterion for Comparing Pole Tips 

e other pole tips are studied, it is necessary to have a basis for comparing the results. A 
legion basi for such a comparison is the energy of the ion beam which can be obtained with a given 
pole base, yoke, coil, and power supply. A simple combination of numbers which approximately 
satiafies this condition is 

E “i (22)
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where E = oon of pole tip 
= field where n = 0.2 

radius where n= 0. 
¢p = maximum flux in the pole bas: 

= maximum flux density in the pole base 
The v: of the numerator determines the energy of the ion beam and the factors in the denominator 
determine ihe quantity of flux in the base of the pole and the size of the base of t 1 he jum. 
flux in pole base determines the size of yoke which will carry the flux with a giv 

i Si ss region; the size of the 

(23) 

where F = flux efficiency 
_ ‘useful flux’’ 
~ total flux 

7p2H, 

'B 
D = relative density 

_ _“‘density in the gap’’ 
~ flux density in the base 

zn 
The upper limit to the efficiency, E, is achieved by a thin coil which is wound over the gap. With tl 
arrangement all of the flux is used, and the maximum density in the pole is the same as the density in 
the gap. Thus the upper limit for E is one and is obtained only with an arrangement that is useless in 
a conventional cyclotron. 

The derivations that follow are aimed primarily at obtaining E for the fields that are considered. 
First, the important role of are discussed which give a low F but a 
high his is done mostly as a further introduction to the mathematical methods employed. The 

h will give a useful fied shape over a wide range of fields. The 
Under many pms the ability to 

ergy. To obtaii 

second case considered is a pole whi 
E for this pole is taken as a lower limit for sign. 
operate at any field strength should be sacrificed in order to obtain higher en n an upper 
limit for the pole tip ik E, a shim edge ae crosses the gap is considered. Following ms is 

n. of radius which can bi ned a derivation which gives the maximum useful fracti 
conventional raised- rage shim, The final devivatiens suggests a method by which the useful aati of 
the radius and the pole-tip efficiency may be made greater. 

As a matter of convenience, in the derivations $3 and B,, will always be determined at the plane 
which st hree half-gaps from the mid aw however, for work on actual magnets, the maximum flux 
and flux density in the pole base are more appropriate quantities. It is assumed that the V = 1 equi- 
potential ant he at y = 3 with the per meas which would produce the field. 

Related to Square Equipotential 

of the given in Eq. 10 is the square hip arenes HENS EES 
it is clear that there are a whole family of t. to values of oy less t 
which may be studied. The fields associated t with these equipotentials are not e568: that is, ae fas 
efficiency is low; but, since the ratio D of the density in the gap to the density in the base is greatly 
increased, the pole-tip efficiency, E, is.improved. In this paragraph, this family of pole tips is con- 
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The transformation is the same as S that used in the subsection, Square Equipotential, except for a 
constant which adjusts the half-gap to 

1-1 
2H 2yz,+1+ toe YT) (24) 

where 76 = the angle between the side of the pole and the y axis as is indicated in Fig. 1.8. 
The equation for the field at y = 0is 

1 

He Vayel (25) 

The equation for n is 

m(1 — 28) xy (26) 
ry a Ts 

The point to be called the edge of the pole is ambiguous and is arbitrarily taken at x = 0 for simplicity. 
This makes the equation for n 

1_. _ a1 - 26) xy xy 1 x Vx, +1-1 
Be ™ Ge ye ted 2 Ge ee lyase (27) 

The solution of this equation for “4, -0.2 is given in Fig. 1.9. The values for p and p/m are found by 
9. Eq. 24 and given in Fig. 1. 

In order to determine the leakage at y = 3 a series expansion of the imaginary part of Eq. 24 with 
64 = 276 is convenient. 

2 
# VF (2n)! ry" sina [2 + (2n—- 05] 

28 
26) Z 229 (n!)2(2n — 1)2 (38) 

Good accuracy is obtained by solving this cnation for Ty with only two terms 

r1] “ =e 1). =| 

y ‘ (29) 
b= wie — 26) 

sin 2 (1 — 26) 

The flux leakage into the pole between ry = 1 and r= "ily per average half-gap of circumference is 

’ 1 ¢,-—1 ] 
1 = aT — a5) 108 TI iy 

The radius of the pole at y = 3 is obtained by substituting the value of ry] y=3 obtained above into the 

equal 

(an)! rP con x|2 + @n— 29] 
2\ri 

13 =™+7q— 95) > 220 (nt)2 (an — 1)2 (30) 

“ series being the real part of Eq. 4. ware npn into the side of the pole is found by multiplying 
30 by the average hich ii: 
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ge [38 log ry 9 (31) 

1 
The leakage into the face of the pole is found by multiplying — wa 25) log x]. 2 by the average 

which is i m(m +p). 

by = Tog 108 ni, =0.2 (32) 

The remaining flux in the region r = Oto r = pis 

$3 = mp2 (33) 

The flux efficiency is determined from Eqs. 31, 32, and 33 by 

2; 
p= __T? Ho (34) 

a+ $2 + $3 

The values of F as a function of 6 are given in Fig. 1.10 for m = 9. The flux density at y = 3 is given by 

By = 21+ 92+ 3° (35) 
mre 

3 

The solution of this equation for m =9is given in Fig. 1.11 along with the values of D. The values of E 

For example, if 6 is 0.1, then the angle which the side of the pole makes with the vertical is 18 deg, the 
field at the point where n = 0.2 is 98.94 per cent of the uniform field in the gap, the useful radius i 
85.8 per cent, and the flux efficiency is 55.8 per cent. Because the relative flux density, D = Ho/BB, 
is higher than with a cylindrical pole, 0.93 instead of 0.79, this pole can be operated with a higher 
re in the gap without saturating the steel, and a 9 per cent higher energy in the cyclotron beam can be 
btained than with a cylindrical pole. 

Rounded Equipotentials 

a very restricted class of equipotential shapes was treated in the previous paragraph. A much 
more general set is developed by the following transformation: 

y T+a- yl+a z= 20 Vi 3148 + 200 yROI=a «CYTE log (METRE VEE 
V¥271+1l+a+ ylea 

Zy+1l—-a- yl-a 
+Cr yI- soe (38 ay rlaae =) (36) 

where 

1 

C-iWiea+a Vina) 

A oka shape obtained is sketched in Fig. 1.13. There are a double infinity of shapes depending on a 
. This means that the end points of the rounded corner
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z= (xy +i) z=iyg 

may be put in any desired place in the z plane. By letting 

Zy= -(1-a) 

and 

2y= —(1 + a) 

in Eq. 36, the equations for xy and yy are obtained. 

Xq = 2CV2a— CY1 +a log (eae) (37) 

Yq = 2CAV2a + CaVi 4 a + CA arctan (2 ¥2ala~ a) (38) (7 3a-1 

The potential, V, is set equal to—61/, as in the subsection, Square Equipotential. The field in the z 
pli aty =Ois 

1 1 
Hei yxy +l+atryxy+1—a (39) 

The equation for n is 
1 » 

n=-2 GH Rj+l+a’ yx +l-a 
H dx 136 ( xy+1+a+2 Vx +1— 4) 

If the nominal radius of the pole, m, is the distance from the center of the pole to the point where the 
pole starts to curve, then 

r=m-Xy+X (40) 

The equation for n becomes 

— +, =) (mate. vivates +l+a- yl+a 
xp +1l+a +1 ~oe Fl+at +a 
es gor os a)|" 2( xy+T+ a+r yxy + a) 

eieret yx, +1-a-yl-a 

+ ° oe( 45 +l-a+yl-a (41) 

a(var + +a +d yxy +1 —a) 
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This equation may be used to determine x,| conveniently by solving it for the factor x; which 
n=1/5 

appears alone on the right-hand side. A guess at the value of x, in the remaining terms yields 
much improved value, and this process may be repeated until the desired accuracy is obtained. oo 
value of the radius where n is 1/5 may be obtained from Eqs. 36 and 37. The leakage per average 
half-gap of circumference of the pole face is given b: 

1 l-a $, == log( 2 — 42) 1°a (a) ( 

and the leakage per average half-gap of circumference into the side of the pole to the point where 
Y = Yq is given 

#9 z biog ({* + 2) (43) 

From th iti calculation to determine the performance of the pole. 
As an = mnle, the at 4 pole tips with y, =3 and m = 9 was studied. Equation 38 was solved for 

» as a function of a with y, = 3. The values of x, were found by Eq. 37, These results are shown in 
Figs. 1.14 and 1.15, respectively, Equation 41 was then solved for *1)n-0, 2 This result, shown in 

Fig. 1.15 was used to find », which is plotted in Fig. 1.16 as a function of Ky: 
The leakage was calculated from the formulas 

1 l-a 
$1 = 7(m + p) — log { ——_ 

; , Gen (44) 
bo = 1(2m + Xy tog (; =*) 

which follow from Eqs. 42 and 43. (Using the straight average for ng circumference tends to make the 
leakage somewhat too large.) The flux efficiency was determined 

p= Hore” _ (45) 
mp” + $1 + $9 

and the flux density at y = 3 by 

B. = 1p +91 + $2 
B  “r(m + xq) (46) 

and the relative energy obtained by 

E= og (47) 

These results are shown in Fig. 1.17. 
It should not be concluded fen Fig. 1.17 that 0.524 is the maximum value of E which can b2 ob- 

tained with the rounded pole tip, since higher values can be obtained with larger Ya 
The pole with yy = 3 and x, =~1.8 is of special interest because it represent nts ‘a pole le which cou 

be built and would have a field shape independent of the field strength (to 18,000 gauss). This is due 
to the fact that the flux density at the surface of the steel is not excessive at any point. It can be shown 
from the equation for the field, Eq. 39, that the maximum flux density at the steel surface is
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vl+a+AVl—-a 
Yaa 

which turns out to be about 1.12 times the gap density for this pole. The average density in the pole at 
y = 3 is 1.07 which is again reasonably low. The pole has a useful radius of 92.5 per cent and an E of 
0.524. 

Shim That Crosses the Gap 

The ability to operate over a wide range of fields, which was possessed by the pole just discussed, 
is usually not required in a cyclotron magnet and should be sacrificed to obtain a higher pole-tip ef- 
ficiency. 

In this paragraph an upper limit for E, the pole-tip efficiency, is determined by considering a shim 
which crossed the gap at the outside circumference of the pole. 

which crosses the gap at the edge of the pole can have its luctance so hep ett tat ne 

x u | 5 oO 

ig
, ae = a B
o
 

s roy » i) 4
 oO 3 3 ¢ = ® 

. 
5 X1 = -0 to h = 1 

and xy = +1 and the field to be investigated in the upper ay half-plane. “The potential pe at on the 
X, axis is 1 

Vo =+1 —0 <xy< 1 

Vo=-X, <x, <1 (48) 

Vo=71 1 <xp< © 

The real axis is folded at —1 and +1 through an angle 7/2 by a Schwartz transform’ation. The trans- 
formation is 

2dz) 

which integrates to (49) 

wig? z_ ) e“tae log (1 + yzz-1 

This process is illustrated in Fig. 1.18. Due to the symmetry, only the region from 0 < y < 1 need be 
considered. 

The potential at x = 0 can be found by substituting the second of the expressions in Eq. 48 into 
the imaginary part of Eq. 49, 

2 
3 (1+ V0 = arctan 1 = arctan (50) 

1-Vo 
=Vo 

which can be solved for Vg 

= sin 2 Volx-o = 51 - (51)
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The potential in the z plane can be expressed in the form 

Vo=y- fy Ay sin my e7mm™ 
m=1 

In order to satisfy Eq. 51, the A,, are (52) 

ym An? 2(-1) 

mm(4m2 — 1) 

The point where n = = 0.2 need not be found since the useful radius is the full radius of the pole, m. The 
leakage flux is most conveniently determined in the z plane by integrating the flux crossing t! 
boundary 

y=0 0=<=x=M M<«* 

y=l X3 SX =M 

where xg is the value of x when X= 3 as determined by Eq. 49. 
This treatment can be readily generalized to include any of the equipotentials in the 24 plane a: 

possible pole shapes, with a square pole corner included as a special case. The angle 76 is the angle 
between the x) axis and the side of the pole. Equation 48 becom 

Vea —© <Xy <-a 

= aky —a <x, <a (53) 

-a a <Xy <0 

Equation 49 may be replaced by 

annie dig oyft 1 (54) 

Equations 51 and 52 become 

V=asin 3 (55) 

< x =ay-a J) A, sin may e™” 
m=1 

(56) 
2(-1)™ 

Am = — 4g 2-4) am(4m 1) 

The leakage may be determined by integrating the flux in the z plane: 

b 0 - 20 - 
=f adx+ [ iw) =| ax- f ays) =| ds (57) 

° 0 ¥ Jy=0 b Y dya1 

where 

=X Iyer 
X= 
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The signs are chosen so as to make ¢’ positive. To solve for b note that approximately 

Yy =X, tan 76 (58) 

Equation 54 may be written 

7 Zz. 
= i) =_1 cosh 2 (z + i) a (59) 

Substituting z = b + iy and Eq. 58 into Eq. 59 gives two equations from which y can be eliminated to 

x (tann? 2 md tan? 13) = sinh? 2 (60) 

The solution of Eq. 60 for b as a function of 6 is given in Fig. 1.19. Integrating Eq. 57 gives 

g@'=ab-a +} An +a yr Ay, cos ma(1 — 28)e"mmb (61) 
m=1 m=1 

The last integral has been evaluated approximately but its contribution is so small that it will be neg- 

lected. The sum of the series — Zo Ay is 2/7 0.3068; thus the leakage per average half-gap of 
nn mee is 

$= alo +7 0.3068) 

The total leakage at x, = 3 is 

$3 = (2m + 3 tan 76) a(mb + 2 - 0.3068) (62) 

The flux efficiency is 

Fe mm2 (63 

= am? + 3 : 

and the flux density at x; = 3 is 

2 mm* +$3 
Bp = mm +3 tan 74) (64) 

F and By, are plotted as functions of 6 for m = 9 in Fig. 1.19. E, the pole-tip efficiency, is computed by 

I perfect’’ shim, as was true with no shim (see subsection, Equi- 
ocean Matnematically Related to Square Equipotential), that more energy can be obtained with a 
given amount of material and power if a tapered pole is used at high field than if a cylindrical pole is 
used at a omen field. It is also apparent that a shim is valuable. For example with 6 = 0.15 the angle 
of the side of the pole with the vertical is 27 deg, the useful radius and field are 100 per cent, the flux 
efficiency is 0.71, and the flux density three half-gaps from the mid-plane is 1.02 times the 
homogeneous field in the gap. The energy which can be obtained with this arrangement is 145 per 
cent of that which can be obtained with a square-equipotential corner.



TID-454 

Pole with Raised Edge 

The simplicity of the treatment justifies considering a pole with a raised edge to determine the 
aa of the radius which can be obtained with this type of shim. This equipotential is generated by 

e transformation 

2 v2 +1 + log yzy+1-1 (65) 

at y2,;+1+1 

This reduces to Eq. 11 when a = 0. The equipotential produced is shown in Fig. 1.2 
an be shown that the field on the x axis is monotone, decreasing with x, provided that 

a<l (66) 

The transformation which is considered, therefore, is 

1 yz, +1-1 
Z== | yz) +1+log (TL _ 67, 

| 1 ve (Yae4| (67) 

since the useful radius is extended as for as possible by making a = 1. The field is given by 

2 yx, +1 
H= 1s 2 (68) 

The derivative of H with respect to x is 

2 dH 2m x} Pale ee (69) 
dx (xy + 2)8 

n is given by 

r dH 7 x? r 
n=-p—= (710) 

Hi dx (x + 2)2 Veal Vx, + 

Since r is 

. r=m+— ; [a +1+ log (232) (71) 

the equation for n becomes 

2 . 

=—)__|1, —_|am +10 a 72) 

aha yy +l id Ky+1+1 (72) 

With n = 1/5 and m = 9 this equation gives x = 0.200. The other ng quantities determined in 
the usual way are given below: 

p=8.365 p/m = 0,919 
Ho = 0.996 F = 0.667 
Bp = 1.291 E =0.511 

This method of increasing the useful radius is valuable as is indicated by the value of E. The height 
of the edge in the z plane is 0.182 half-gap, i.e.,












































































































































































































































































































































